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Abstract 

SKT structures are closely related to Kahler structures, the difference being that in 
the Kahler case one has a complex structure which is parallel with respect to the Levi- 
Civita connection, while in the SKT the complex structure is parallel with respect to a 
metric connection with skew-symmetric and closed torsion, a concept which is a little more 
restrictive than asking that such connection has holonomy in U{n). The inclusion of the 
torsion, however leaves several of the usual arguments used in Kahler geometry without a 
direct counterpart. We use tools from generalized complex geometry to develop the theory 
cn , of SKT manifolds. We develop Hodge theory on SKT manifolds and, more generally, on 

J^ I parallel Hermitian manifolds and prove that their twisted cohomology inherits a Z x Z2- 

Q^ ' grading determined by the structure. We study Lie algebroids and differential operators 

^ ■ associated to SKT structures and study the deformation theory of these structures. As 

• I applications we reobtain a result of Liibke and Teleman regarding the existence of SKT 

ilJ ' structures on the moduli space of instantons of a bundle over a complex surface and show 

fSj ■ that even though Kahler structures are not stable under deformations of the symplectic 

structure, small deformations are still SKT. 
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Introduction 

Looking beyond the Levi-Civita connection in Riemannian geometry, one finds a number 
of other metric connections with interesting properties. Normally these families of con- 
nections are defined by some characteristic of the torsion tensor and recurrent themes of 
research are connections with parallel torsion or connections with skew symmetric torsion. 
The "strong" torsion condition refers to the last group of connections: a strong torsion 
connection on a Riemannian manifold is a metric connection whose torsion is skew sym- 
metric and closed. In this setting, a Kahler structure with strong torsion, or SKT structure 
is a Hermitian structure {g, I) together with a strong torsion connection for which / is 
parallel. A weaker notion is that of a (strong) parallel Hermitian structure which for us 
means a connection with closed, skew symmetric torsion for which the holonomy is U{n). 
The difference between a parallel Hermitian structure and an SKT structure being that 
for parallel Hermitian structures, integrability of the complex structure is not required. 

A reason to study of such objects comes from string theory, where closed 3-forms arise 
naturally as fields in their sigma models [30, 31]. Once a 3- form is added to the sigma 
model, if one still requires a nontrivial amount of supersymmetry, the type of geometry 
of the target space has to move away from the usual Kahler geometry. It was precisely 
following this path that Gates, Hull and Rocek [14] discovered the bi-Hermitian geometry 
that nowadays also goes by the name of generalized Kahler geometry [20] as the solutions 
to the (2, 2)-supersymmetric sigma model. Requiring less supersymmetry without giving 



up on the idea altogether leads one to consider models where there is more left than right 
supersymmetry or models where the right side is simply absent. These conditions lead 
to (2, 1) or (2, 0) supersymmetric sigma models and supersymmetry holds if and only if 
the target space has an SKT structure [23]. This point of view also leads one to consider 
parallel Hermitian and bi-Hermitian structures as these are geometric structures imposed 
by a sigma model with an extended supersymmetry algebra [9, 10]. 

There is yet another simple mathematical description of SKT structures: they corre- 
spond to Hermitian structures {g, I) for which the Hermitian form uj = g{I-, •) satisfies 

dd^u = 0, 

where d^ = i{d — d). The 3- form H = d^co is the torsion of the connection mentioned 
earlier. 

Since SKT manifolds are, in particular, complex, their space of forms inherits a natural 
bi-grading, but a simple check in concrete examples shows that there is no corresponding 
decomposition of their cohomology. Further, by studying these structures on six dimen- 
sional nilmanifolds Fino, Parton and Salamon [12] produced examples showing that their 
Frolicher spectral sequence does not necessarily degenerate at the second page, they do 
not satisfy the dd^-leraraa, manifolds carrying these structures may not be formal and that 
these structures are not stable under deformations of the complex structure. In short, 
several Kahler properties seem to have been lost once the torsion was included and nowa- 
days much of the research in this area revolves around the search of examples of manifolds 
admitting SKT structures. 

In fact, until now there were very few positive, conceptual results about SKT manifolds 
and a feature of these results was that they took the torsion 3-form into account in a 
substantial way. Remarkably, using the connection with closed 3-form torsion, Bismut 
proved a local index theorem for SKT manifolds in [2], extending previous results known 
for Kahler manifolds. Studying a slightly different problem, Gauduchon showed in [15] 
that any compact complex surface admits one SKT metric on each conformal class of 
Hermitian metrics, a result which proved to be fundamental in the study of non Kahler 
complex surfaces as carried out by Liibke and Teleman [28]. In particular, Liibke and 
Teleman proved that given a vector bundle over a complex Hermitian surface (with its 
only SKT structure), the smooth locus of the moduli space of instantons inherits an SKT 
structure [28] and the presence of torsion means that the metric on the moduli space is not 
the usual quotient metric, but something modeled on spaces transverse, but not orthogonal 
to the orbits. This phenomenon was re-encountered by Grantcharov, Papadopolous and 
Poon [18] when extending symplectic quotients to the SKT world. Indeed, there they 
observed that the torsion form forced them to choose two moment maps: the first cuts a 
submanifold, as usual, and the second guides on the choice of metric model for the quotient, 
which, once again, is not the orthogonal complement of the group orbits. 

The last two examples were unified by the author in [7] where they were also put in the 
framework of reduction of Courant algebroids and generalized actions introduced in [3]. 
The key observation was that SKT structures have yet another description, this time, as 
a 'generalized structure', i.e., a geometric structure on TM = TM ®T*M. In fact, in this 
paper we show that, in a very precise way, SKT structures lie halfway between generalized 
Hermitian and generalized Kahler structures. Given the success generalized geometry has 



had in the treatment of biherniitian structures, it is only natural to ask if it can do the 
same for SKT structures. In this paper we show that to be the case. In fact we show 
that it provides the correct point of view to study SKT structures and that several of the 
negative results mentioned earlier have a positive counterpart involving the torsion. 

Indeed, the first observation is that, as structures defined on TAf with the ii^-Courant 
bracket, the natural differential operator to consider is d^ = d + Hf\, where H = d'^uj, and 
u is the Hermitian form. Hence questions about d, and its decomposition as d + d miss 
an important ingredient and were doomed from the start. The cohomology of d is only 
Z2-graded, yet we show that a parallel Hermitian structure induces a Z x Z2 grading on the 
space of forms which itself induces a Z x Z2 grading on the d -cohomology. This is achieved 
by introducing the intrinsic torsion of a generalized almost Hermitian structure and using 
it to show that the d -Laplacian preserves a Z x Z2-graded decomposition of the space of 
forms. For SKT manifolds one can go further and prove an identity of Laplacians, just as 
Michelsohn did for Kahler manifolds [29] and, more recently, Gualtieri, in the generalized 
Kahler context [19]. This way we relate a cohomology naturally defined in terms of the 
SKT data with the d^-cohomology. These identities imply further that a variation of the 
Frolicher spectral sequence degenerates at the second page. As an application, we return 
to the moduli space of instantons on a bundle over a compact complex surface and show 
that the existence of an SKT structure in this space can be seen as a consequence of the 
Hodge theory developed for SKT manifolds. 

Following the development of generalized complex geometry we study natural Lie al- 
gebroids associated to an SKT structure. In this case, since an SKT structure is only 
'half generalized Kahler, several of the bundles which are Lie algebroids in the generalized 
Kahler case cease to be in the SKT set up. Yet, one can still find several interesting oper- 
ators similar to the Lie algebroid differentials but associated to subbundles of TM which 
are not involutive. These operators re-appear in our study of the problem of deformations 
of SKT structures. Precisely, they appear in the obstructions to deformations. Given the 
close proximity between SKT and generalized Kahler structures, we study the problem 
of deformations of generalized Kahler structures. Specifically, we show that the problem 
of deformations of generalized Kahler structures is obstructed and find the cohomology 
space where the obstructions lie. As an application of the deformation theory, we finish 
the paper showing that if (M, uj,I) is a compact Kahler manifold then deformations of the 
symplectic structure u can always be completed with deformations of I into an generalized 
almost complex structure such that the pair of deformed structures is an SKT structure. 
In contrast, there may be no deformation of / which together with the deformed symplectic 
structure forms a (generalized) Kahler structure. 

This paper is organized as follows. In Section 1 we develop the linear algebra pertinent 
to generalized complex, generalized Hermitian and SKT structures. In particular we show 
that an SKT structure gives rise to a Z x Z2-grading on the space of forms. In Section 2 
we introduce the intrinsic torsion of a generalized Hermitian structure and in Sections 3 
and 4 relate SKT structures and parallel Hermitian structures to the vanishing of certain 
components of the intrinsic torsion. In particular, we show that for an integrable SKT 
structure the operator d decomposes into a sum of three operators defined in terms of 
the SKT data, while for parallel Hermitian structures it decomposes as a sum of five 
operators. In the presence of a generalized complex extension of the SKT structure, d 



decomposes further, into six operators. In Section 5 we study Hodge theory for SKT and 
parallel Hermitian structures and prove that in both cases the d -cohomology decomposes 
according to the decomposition of forms induced by the structure. As an application, in 
Section 6 we recover the result that the moduli space of instantons over a complex surface 
has an SKT structure. In Section 7 we study Lie algebroids. Lie algebroid differentials and 
similar operators defined on an SKT manifold and in Section 8 we use these operators to 
study the problem of deformations of SKT and generalized Kahler structures. 

Acknowledgements: The author would like to thank Ulf Lindstrom, Martin Rocek, 
Stefan Vandoren and Maxim Zabzine for helpful input regarding the relations to super- 
symmetric sigma models. This research was supported by a Marie Curie Intra European 
Fellowship. 

1 Linear algebra 

Given a vector space V^ we let V = y © V* be its "double" . V is endowed with a natural 
symmetric pairing: 

Elements of V act on A'V* via 

{X + 0■^ = ixy^ + ^/\y^■ 
One can easily check that for i; G V 

V ■ {v -if) = {v,v)ip, 

hence A'V* is naturally a module for the Clifford algebra of V. In fact, it is the space of 
spinors for Spin(y) and hence comes equipped with a spin invariant pairing, the Chevalley 
pairing: 

where •* indicates transposition, an R-linear operator defined on decomposable forms by 

(«! A • • • A akf = qa; A • • • A ai, 

and top means taking the degree m component. 

The spin group, Spin(V), acts on both V and on spinors in a compatible manner, 
namely, its action on V is by conjugation using Clifford multiplication 

g^fV = gvg^ for all g G Spin(V), t; G V 

and on A*y* by the Clifford action described above, so we have 

g{v ■ ip) = {gvg^^){gip) = {g*v){g ■ ip) for ah g G Spin(V),7; G V and (p G A'y*. 

We will be particularly interested in the actions of 2-forms and 2-vectors, which we 
describe below to fix signs and notation. 



Example 1.1. Given B G A^V* C spin(V), it acts on V. Namely, we can regard B as a 
map from V into V* 

B{X + i) = -ixB = -B{X). 

Exponentiating this map we have 

efiV^V e^{X + i) = X + i-B{X). 
And this action is compatible with the action of e^ E Spin(V) on forms: 

e^ -.if — > e^ Aip. 
So we have ef : A^'V — > a'^'V and for a G A'V and (p E h'V* 

(efa) -6^(^ = 6^ (a -99). 
Example 1.2. Similarly, given /3 G /\^V we get maps 

/3(X + C) = i5/3 = -/3(e), 
so for example if /3 = dx^ A dx2 and ^ = dxi then /3(,^) = dx2- Exponentiating, we get 

And we have a corresponding action on spinors 

e^ : A'y* ^ A'y* e^ : (^ ^ e^ • (/?, 

where the dot indicates interior product. The convention for interior product by a multi- 
vector here is such that dx^ A 8x2 ' dxi A dx2 = — 1. 
These two actions are compatible: 

{e'^a)-e'^ip = e^{a-ip) for ah a G A'V, 99 G A'F*. (1.1) 

We will be interested in introducing geometric structures on V. The first we consider 
is a generalized metric, as introduced by Gualtieri [20]. 

Definition 1.3. A generalized metric on V is an automorphism Q : V — > V which is 
orthogonal and self-adjoint with respect to the natural pairing and for which the bilinear 
tensor 

(Gvjw), f , w G V 

is positive definite. 

Since G is orthogonal and self-adjoint, we have Q^ = G^ = G, hence G = Id. Therefore 
G splits V into its ibl-eigenspaces: Y = V+ ® V- and the projection vry : V — > V 
gives isomorphisms vr : V± — > V. Further, given a generalized metric G we can write 
V = GV* V* and GV* is isomorphic to V via the projection vry : V — > V. Since both V 
and GV are isotropic subspaces of V which project isomorphically onto V, we can describe 
GV as the graph of a linear map b : V — > V*, that is b G ^'^V*. Isotropy means that 
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b £ a'^V* and hence gives rise to an orthogonal transformation of the natural pairing, e^. 
This map has the property that e^ : QV* — > V, hence, after an orthogonal transformation 
of V, we can assume that QV* = V. For this splitting, 

9 
g-^ 

where g is an ordinary metric on V . The splitting of V determined by a generalized metric 
is the metric splitting. 

If V is endowed with an orientation, we can define a generalized Hodge star operator [19] 
as follows. Since vry : V+ — > V is an isomorphism, V+ inherits an orientation. Then we let 
{ei,e2, ■ ■ ■ , em} be a positive orthonormal basis of V+ and let * = — em-- - - e2-ei G Clif(V). 
Then 

■kip := -k ■ If, 

where - denotes Clifford action. 
With this definition, we have 

{^,*ip)ch>0 if 99/0 (1.2) 

If the splitting of V is the metric splitting, we have 

{^,-kip)ch = ^ A*ip, 

where * is the usual Hodge star, hence, in this splitting, • is the usual Hodge star except 
for a change in signs given by the Chevalley pairing. Since • = —Cm - - - - e2 - ei, we have 
that 



ry m{m — l) 



and hence it splits the space of forms into its eigenspaces, namely, into its itl-eigenspaces 
A5-V^* if m is zero or one modulo four or its iti-eigenspaces if n is 2 or 3 modulo 4. This 
allows us to define self -dual and anti self- dual forms in dimensions zero and one modulo 
four. However we would like to have a single definition for all dimensions, so we introduce 
the concept of SD- and ASD-forms: 

m,(m — 1) 

Definition 1.4. We say that a form (p € A*V^ is SD if *c/? = —i 2 ip and that it is ASD 

Tn(m — 1) 

if k(p = i 2 ip. We denote the space of SD-forms by A^F* and the space of ASD-forms 

by A*_V*} 

The Clifford action of elements in V± either preserves or switches the eigenspaces of -k: 
Lemma 1.5. Let v± £V±. Then acting via Clifford action on forms we have 

t.+*=(-l)'"-^*f+ and i;_*=(-ir*z;_ 

hence for m even, 

V+ : A±y* -^ A'^V* and V^ : A^V* -^ A^V* 



^Thc choice of signs on the Chevalley pairing and of • were made so that on a four manifold, the notion of 
SD and ASD agrees with the usual notions of self-dual and anti self-dual on 2-forms. 



and for ?Ti odd 



V+ : A^F* -^ A^V* and V- : A^F* -^ A'^V* 



Proof. For v- € V-, we have that (u_,V+) = hence V- graded commutes with *. For 
i;_i_ G V+, we can choose an orthonormal basis for V+ for which ei = u/HuH, so that v anti 
commutes with ah the remaining elements of the basis and commutes with ei. D 

For the rest of this section we will introduce structures on V which force its dimension 
to be even so we let m = 2n. 

Definition 1.6. A generalized complex structure on 1/ is a complex structure on V which 
is orthogonal with respect to the natural pairing. A generalized Hermitian structure or a 
U{ri) X U{n) structure on 1/ is a generalized complex structure Ji on V and a generalized 
metric Q such that Ji and Q commute. 

Given a generalized complex structure J on V , we can split Vc, the complexification 
of V, into the ±i-eigenspaces of J: Vc = L@L. The spaces L and L are maximal isotropic 
subspaces of Vc such that L f] L = {0}. Since the natural pairing is nondegenerate, we 
can use it to identify L = L*. Precisely, we identify 

v^2{v,-) (^L*, forwGL. (1.3) 

Given a generalized Hermitian structure (i7i,^) on V, J 2 = QJ\ is orthogonal with 
respect to the natural pairing and squares to —Id, hence it is also a generalized complex 
structure. Since vry : V± — > V are isomorphisms, and J'i\v± is a complex structure on 
V± orthogonal with respect to the natural pairing, it induces complex structures I± on V 
compatible with the metric g induced by G making V into a bi-Hermitian vector space. 
We can further form the corresponding Hermitian forms uj± = g o I±. 

Given any generalized Hermitian structure, A*V^ splits as the intersections of the 
eigenspaces of Ji and J 2'- U^''' = Uj fl Uj , where Uj, is the ip-eigenspace of J'i in 

A"V^. In this context, the generalized Hodge star is related to the action of JIj = e 2 ^ 
namely: 

Lemma 1.7. (Gualtieri [19]) In a generalized Hermitian vector space one has 

-k = -J1JI2. 

This means that we can read the decomposition of forms into SD and ASD from the 
IJP''^ decomposition, namely -klup.i = i^^'^- If we plot the (nontrivial) spaces U^''^ in a 
lattice, each diagonal is made either of SD- or ASD-forms, with JJ^'^ made of SD-forms 
(see Figure 1). 

Definition 1.8. A positive U{n) structure or a positive Hermitian structure on 1/ is a 
generalized metric Q and a complex structure X+ on V+, the +l-eigenspace of Q, orthogonal 
with respect to the natural pairing and a negative U{n) structure or negative Hermitian 
structure on 1/ is a generalized metric with an orthogonal complex structure X_ on its 
— 1-eigenspace. We say that a generalized complex structure J extends a positive/negative 
U{n) structure (^,X) if X is the restriction of J to the appropriate space and {G,J) is a 
generalized Hermitian structure. 
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SD (1.4) 

ASD t/0'2 

SD [/-^'i t/i'i 

^-2,0 fjO,0 fj2,0 

f/-l,-l ^1,-1 

f/0,-2 

Figure 1: Representation of the spaces of SD and ASD in terms of the (p, g)-deconiposition of 
forms on a 4-dimensional generahzed Hermitian structure. 



Given a generahzed Hermitian structure, since J\ and Q commute, J\ preserves the 
eigenspaces of Q and hence, upon restriction to V±, one obtains a positive and a negative 
Hermitian structure. Conversely, a positive (resp. negative) Hermitian structure can be 
extended to V by declaring that it vanishes on V- (resp. V+). Then a pair of positive and 
negative Hermitian structures, Z^,, X_ gives rise to a generahzed Hermitian structure by 
declaring that J\ = X+ + X_ . 

Given a positive U{n) structure on y, we can use the isomorphism V+ = 1/ to transport 
the metric and the complex structure X+ from V+ to V, making it into a Hermitian vector 
space (y,g,I). Further, we can use X+ to define a complex structure X_ on V- using the 
isomorphisms V+ — V — V- and this way we have an extension of the U{n) structure to a 
generalized Hermitian structure: namely we declare that J^i is I-^- on V+ and Z_ on V-, 
hence, in the metric splitting of V, J^i is the generalized complex structure associated to the 
complex structure^ I and consequenty J'2 is the generalized complex structure associated 
to the Hermitian form co = g o I: 

For this set of choices, there is a relation between the {p, (7)-decomposition of forms 



^Note that usually, the generalized complex structure associated to a given a complex structure / on a vector 
space differs from Ji by a sign, or said another way, by overall conjugation. Hence, all the usual concepts get 
conjugated with this definition, for example, later we will have dj-^ — d and the generalized canonical bundle is 



determined by the generalized Hermitian structure and the usual {p, g')-decomposition of 
forms determined by the complex structure lonV. 

Proposition 1.9. (Cavalcanti [6]) For J\ and J2 as above, the transformation 

^:Y^V 7p{X + ^) = el^el"'~\x + (1-6) 

preserves J\ and maps y C V into the +i-eigenspace of J2 and y* C V into the 
—i-eigenspace of J 2- Therefore ^, the corresponding action on spinors, preserves the 
eigenspaces of J\ and maps A V* into Uj~ that is 



'1 



* : A'V^ -^ A'Fc* ^iV') = e"^e2^ {^) (1.7) 

Tq~p,n- 
'ji,J2 



^(A^'^y*) = [/^-p.^-p-? 



Proof. Since this statement is slightly different from that found in [6], we give a short 
sketch of the proof. Firstly, a simple computation gives an explicit expression for ip: 

^{X + i)=X- '-u;-\0 + f - MX). 

Then the first claim is proved by restricting ip to V and to V*. Indeed, if we let L2 
denote the +z-eigenspace of J'2 then 

V'(X) =X - iuj{X) e L2 VX e Vc; 

^(e) = ^(e-»^"'(0)G^ v^GFc* 

Since ui is of type (1, 1) it maps V^'^ into V*^'^ hence it preserves the iti-eigenspaces of 

Ji. 

Finally, since the decomposition of forms associated to the bialgebroid V,V* C V is 
given by the usual degree of forms, we see that the map above maps degree k forms into 
the space U"~ for the symplectic structure. D 

A positive Hermitian structure is fully determined by V^' , the +i-eigenspace of I+, 
that is, a positive U{n) structure is a subspace V_^_' C TcM for which 

• dim(y^''') = n; 

• V,' is isotropic with respect to the natural pairing; 



• y+'° n y+'° = {o} and 

• {v,v) >OioT alive Vl'\{0}. 

If we are given a generalized complex extension ^ of a positive Hermitian structure 
(^,X+) we obtain a bigrading of forms into U^''^ as explained earlier. However, from the 
point of view of the U{n) structure, the natural spaces to consider are W!^ = X]p+n=A; f^^'''- 
Indeed W^ corresponds to the vector space of all forms that are annihilated by the Clifford 
action of V^' and W^~'^^ = A^^'V^' • PV", that is, the spaces W\. are solely determined 
by the complex structure Z_|_. It is worth calling attention to the fact that W\_ is only 
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nontrivial if —n < k < n and n — k = mod 2. Further, since the spaces W^ are the 
diagonals of the C/^''^ decomposition, each W^ is made of either SD- or ASD-forms, with 
WI^ being SD. 

Another description of the spaces W!^ is obtained by extending Z+ to an endomorphism 
of TM obtained by declaring that I+\v- vanishes, so that Z-|_ is a skew-symmetric operator 
on TM with respect to the natural pairing, that is, Z_|_ G spin(TM). Similarly to a 
generalized complex structure, J^, for which the space U^ is the ife-eigenspace of the action 
of iT", letting Z+ act on forms one sees that the space W^ is the i 2-eigenspace of X4-. Hence, 
Lemma 1.7 takes the following form for positive U{n) structures: 

Lemma 1.10. Let {Q,I^) be a positive Hermitian structure on V, and let 1+ = e 2 . 
Then 



ll 



that is -k\^,k = —i^. 



Similarly, for a negative Hermitian structure (^,Z_), we can extend Z_ to V by declar- 
ing that it vanishes on V + . If Ji is a generalized complex extension of X_, then the 
eigenspaces of Z_ correspond to the anti-diagonals of the U^''^ decomposition: >V_ = 

Finally we observe that the spaces W^ have both even and odd forms, so one can refine 
this grading to a Z x Z2-grading: 

w|'° = w^ n (A"^y* c), H/"!'^ = w^n (a°V* o c). (l9) 

In what follows we will refer to both spaces W^ and WjJ , with the understanding that 
if the Z2-grading is not particularly important, we will simply omit it. 

2 Intrinsic torsion of generalized Hermitian struc- 
tures 

Except for a generalized metric, each of the structures introduced in Section 1 has an 
appropriate integrability condition. We let {M'^"',H) be a manifold endowed with a real 
closed 3- form H and consider the Courant bracket on sections of TM = TM ®T*M: 

lX + i,Y + t^Ih = [X, Y] + Cxri - iyd^ - iyixH. 

We will omit the 3-form from the bracket if it is clear from the context. 

The Courant bracket is the derived bracket associated to the operator d , i.e., the 
following identity holds for all fi,V2 G r(TAf) and (p € r2*(M): 

lvi,V2JH-f = {{vi,d^},V2}(p 

= d^{vi ■ V2 ■ ^) + Vi ■ d^{v2 ■ if) -V2- d^{vi ■ If) - V2 ■ Vi ■ d^ip, 

where ■ denotes the Clifford action of Clif (TM) on f\*T*M and {•, •} denotes the graded 
commutator of operators. We will use general properties of the derived bracket throughout 
these notes, and refer the reader to [25] for a concise presentation of its main properties. 
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The orthogonal action of a 2-form B £ i7^(M) on TM relates different Courant brackets: 

lefvi,efv2JH = eflvi,V2JH+dB- 

Definition 2.1. For each of the structures introduced in Definitions 1.6 and 1.8, we refer 
to the smooth assignment of such structure to T^M for each x € M hy including the 
adjective almost in the name of the structure. 

Definition 2.2 (Integrability conditions). 

• A generalized complex structure is a generalized almost complex structure J^ whose 
+z-eigenspace is involutive with respect to the Courant bracket. 

• A generalized Hermitian structure is a pair (QjJ'i) of generalized metric and com- 
patible integrable generalized complex structure. 

• A positive (resp. negative) SKT structure is a positive (resp. negative) almost U{n) 
structure (^,X) for which the +z-eigenspace of Z is involutive. 

• A generalized (almost) complex structure J extends an SKT structure if J is fiber- 
wise an extension of X, in which case we say that ^ is a generalized (almost) com- 
plex/ Hermitian extension of the SKT structure. 

• A generalized Kdhler structure is a generalized Hermitian structure (Q, J\) for which 
J\ and J 2 = JiQ are integrable. 

2.1 The Nijenhuis tensor 

Let us spend some time to understand the Nijenhuis tensor of an almost generalized com- 
plex structure J. This tensor is defined in the usual way, namely if L is the +z-eigenspace 
of J 

Nij : T{L) X r(L) -^ V{L)- Nij(X,y) = -{X.Yf, (2.2) 

where • indicates projection onto L. We can alternatively use the identification L = L 
from (1.3) to consider the operator 

N : T{L) X r(L) x r(L) -^ n^{M; C); 

NiX,Y,Z) = -2{IX,YIZ) = 2{miiX,Y),Z). 

As usual, Nij is a tensor, indeed, for / € C°°(M;C) we have 

Nij(x,/y) = -{xjYf = -iflx,Y} + (£^^(x)/)n'' = -m,Yf = /Nij(X,y). 

Further, the tensor N S A^L (g) L defined above actually lies in A'^L. Indeed, for X,Y, Z £ 
r(L) we have 

= C^^^x){Y,Z) = -{{lX,YlZ) + {Y,lX,Zj)) = l{N{X,Y,Z)+N{X,Z,Y)), 

which shows that N is fully skew. 

A different way to understand N arises by using the U^ decomposition determined by 
J'. Namely, letting U = T{U ) (throughout the paper we denote the sheaf of sections of 
U^ by U^ and the sheaf of sections of U^''' by U^''^), one has: 
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Lemma 2.3. In an generalized almost complex manifold 

d" -M^ ^U^~^®U^'^®U^^^®U^^'^. (2.4) 

Further the map vTfc+s o d^ : U — > U ^^ corresponds to the Clifford action of A^, the 
Nijenhuis tensor defined in (2.3). 

Proof. We prove first that 

d^ -M^ ^ Y^ W (2.5) 

and will do so by induction, starting at /c = n + 1 and working our way down. For k = n + \ 
we have that U^~^^ = {0} and the claim follows trivially. 

Next we assume the result to be true for all j > k and let p £U''. For 'Ui,'U2 £ r(L), 
using (2.1) we have 

V2 • f 1 • d^p = -|ui,7;2] • p + d^{vi ■ V2 ■ p) +vid^{v2 ■ p) - V2d^ {vi ■ p). 

Since the Clifford action of Vi sends W to W~^^, the inductive hypothesis implies that the 
last three terms lie in ®j>k-iU-', while the first term, being the action of an element of 
L® L on p lies in U'^^^ ®U'^~^. Therefore we conclude that 

V2-vi-d p G (£)j>k~i^'' for all ui, W2 € T{L) 

and (2.5) follows. 

As d is a real operator and U~ = U^ conjugating (2.5) we have that 

d-.U^^, Y, UK 

j<k-3 

Furthermore, if U is made of even forms then U ~^^ is made of odd forms and vice versa, 
we have that 

d" -M^ ^ Y ^^ 

-3<i-A:<3 
j-k=i mod 2 

therefore proving (2.4). 

Now we prove that iTk+3 ° d corresponds to the Clifford action of N . Once again we 
use induction, this time starting at /c = —n — 1 and moving upwards. Since U^'^^^ = {0}, 
the claim is trivial there. Assume now that for j < k we have proved that ttj+s o d^ is the 
Clifford action of N. Let p &U and f;i,f;2 £ r(L). Then using (2.1) we have 

^'2^'lVrfc+3 o d^p = TTk+liv2Vid^ p) 

= 'n-k+i{-lvi,V2Jp + d^viV2p + vid^V2P - V2d^vip) 

= N{vi,V2)p + vTfc+i o d^{viV2p) + wivrfc+2 o d^V2p - V2-Kk+2 o d^vip 

= {^2, {vi,N}}p + NviV2P + ViNv2P - V2NV1P 
= V2VlNp, 
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where in third equahty we have used that the component of fvi, V2IP in U '^^ is given by 
the Chfford action of the L component of |wi, i'2], that is Ly^Lv^N and in the fourth equahty 
we used the inductive hypothesis as well as the fact that when acting on forms, the interior 
product of f G r(L) with ip G V{f\'L) is given by ^{v)p = {v,ip}p. The last equality 
follows by expanding the graded commutator and canceling out similar terms. D 

If we compose d^\iik with projection onto U """^ and U ~^ we get operators 

dj = ^k+i°d^ -U^ ^U^+^ and dj = TTk-io d^ :U'' ^ U''~\ 

and if the generalized complex structure JT" is clear from the context, we denote these 
operators simply by d and d. As proved by Gualtieri in [21], integrability is equivalent to 
the requirement 

d" ■M'' ^U^-^®U''+^- d^ = d + d, 

so we can also see from this point of view how the vanishing of the Nijenhuis tensor implies 
integrability. 

Since (d^)^ = 0, the operators d, d, N, and N satisfy some relations. 

Corollary 2.4. In an generalized almost complex manifold, the following relations and 
their complex conjugate hold 

A^^ = 0, {N,d} = 0, {N,d} + d'^ = 0, {d,d} + {N,N} = 0, 

where {a, 6} = ab+{—iy"''''^'^^ba is the graded commutator of the operators a and b, which, 
since all the operators above are odd, becomes simply ab + ba. 

2.2 The intrinsic torsion and the road to integrabiUty 

With this understanding of the Nijenhuis tensor, we can give a pictorial description of 
the long road to integrability from almost generalized Hermitian to generalized Kahler. 
Indeed, given an almost generalized Hermitian structure, we get a splitting of forms into 
spaces U^''^. According to Lemma 2.3, d can not change either the 'p' or the 'g' grading 
by more than three and it must switch parity. Hence d^ decomposes as a sum of eight 
operators and their complex conjugates 



(2.6) 



and we can draw in a diagram all the possible nontrivial components of d^\iiv,q as arrows 
(see Figure 2). 

Once we require that Ji is integrable, i.e. we are dealing in fact with a generalized 
Hermitian structure, then d^ only changes the 'p' degree by ±1 and several components 
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UP^i _ 
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A^_ 


: UP'i - 


_^^P+3,g-3^ 


Ni 


UP'" - 


-^ ^/P-1.9+3^ 


iV2 


: UP''' - 


-^ ^P+1.9+3, 


N3 


UP'i - 


_^^P+3,g+l^ 


iV4 


: UP''' - 


_^^P+3,g-l_ 



w 



-3,g+3 



-l,q+3 



u 



p— 3, 



w- 



w 



-3,9-3 



^P+l,g+3 




^P+1.9-3 



^P+3,(?+3 



+3,g+l 



3,9-1 



/p+3,g— 3 



Figure 2: Representation of the nontrivial components of d when restricted to W'^ for an 
generahzed almost Hermitian structure. 



^P-1,9+3 ^p+l,ij+3 




'P+l,g+l 



w- 



^p-l,'/-3 ^p+l,g-3 



Figure 3: Representation of the nontrivial components of d for a generalized Hermitian structure. 



of d^ present in the nonintegrable case, now vanish and the diagram from Figure 2 clears 
up to the one presented in Figure 3. 

Finally, if we require that J'2 is also integrable, and hence we are in fact dealing with 
a generalized Kahler structure, the last two components of the Nijenhuis tensor, labeled 
A^i and N2 above, vanish and d^ decomposes as a sum of four operators, as pictured in 
Figure 4. 

This shows that the obstruction for a generalized almost Hermitian structure to be 
a generalized Kahler structure is given by the tensors Ni, i = 1,2,3,4 and N±^ that is, 
these tensors are the different components of the intrinsic torsion of a generalized almost 
Hermitian structure. 
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Figure 4: Representation of the nontrivial components of d^ for a generalized Kahler structure. 



Definition 2.5. The intrinsic torsion of a generahzed Hermitian manifold are the tensors 
Ni, i = 1,2,3,4 andiV±. 

3 SKT structures 

In this section we provide properties equivalent to integrablity of an SKT structure as de- 
fined in 2.2. We will see that an SKT structure lies precisely halfway between a generalized 
Hermitian and a generalized Kahler structure. 

Firstly, we observe that the SKT condition can also be phrased in terms of the vanishing 
of components of the intrinsic torsion. Indeed, in the presence of an extension of, say, a 
positive U{n) structure (Q,!^) to a generalized almost complex structure J'l if we let V^' 
be the +i-eigenspace of X+ then involutivity is equivalent to 

(1^1, 1^21, it;i) = for ah t;i,7;2 G r(y^'°),u; € r{vl'° (BV^), 

that is, the components N2,N3 and A^+ of the intrinsic torsion vanish. A similar argument 
gives a characterization of negative SKT structures. 

Proposition 3.1. Let Q be a generalized metric on a manifold with 3-form {M,H) and 
letl± be a pair of positive and negative Hermitian structures compatible with Q. If Ji = 
X_|_+X_ then {G,I+) is an SKT structure if and only if N2,N^ and Nj^ vanish and {Q,I-) 
is a negative SKT structure if and only if Ni , A'4 and N^ vanish. 

Corollary 3.2 (Gualtieri [20]). Let ^ be a generalized metric on a manifold with 3-form 
{M,H), I± be a pair of positive and negative SKT structures compatible with G and 
J'l = X_|_ +X_. Then {Q, J'l) is a generalized Kahler structure. 

Proof. According to Proposition 3.1, under the hypothesis, all components of the intrinsic 
torsion vanish hence {G,Ji) is a generalized Kahler structure. D 

Next, we describe the integrability condition for an SKT structure in terms of the 
decomposition of forms into W^ and U^''^ (for a fixed generalized complex extension Ji) 
described in the previous section. Throughout the paper we denote the sheaf of sections 
of W^ by W'l and the sheaf of sections of W±'' by W±''. 
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Figure 5: Representation of the nontrivial components of d^ for a positive SKT structure 
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Figure 6: Representation of the nontrivial components of d for a negative SKT structure 



Theorem 3.3. Let {Q,I^) be a positive almost Hermitian structure on a manifold with 
3- form (M^",i7). The the following are equivalent: 

1. (C/,Z-|_) is a positive SKT structure; 

2. d^ ■.w'l^ w^-2 e w^ e w^+2 f^^ ^n ^ . 



]H . -lAin 



n~2 



3. d" : w\ -^ w+ ^ e w\. 

Proof. One can give a direct proof of this result using only the positive almost Hermitian 
data with an argument completely analogous to that already given in Lemma 2.3. Yet, 
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d^ = 


:5^+<^^ 


$-■■ 


W+ - 


-^Wl; 


^_=, 


S-: 


w+ - 


-^ W^+2; 


5-=, 


5^: 


wX - 


-^ w^-^ 


^^=' 



since we have already developed the tools for generalized almost Hermitian structures, we 
follow a less intrinsic route. 

We will first prove that 1) implies 2). Let X_ be any complex structure on V- orthogonal 
with respect to the natural pairing so that G and J^i = X+ +X„ form a generalized almost 
Hermitian structure. Then according to Proposition 3.1, N2,N3 and N^ vanish. Then, we 
see that d^ splits into three components: 

~+L (3.1) 

Condition 2) clearly implies condition 3). Finally to prove that 3) implies 1) we once 
again choose a complex structure Z_ on V- and observe that since A''2 , N^ and N^ are 
tensors, it is enough to check that they vanish when applied to spaces where their action 
is effective. But for ip G Z//"'° C W" , the components of d^ landing on W+"^ and W""^ 
are precisely A'^4, • ip and N^ ■ (p and the vanishing of these forms for v' 7^ implies that 
iV+ = 7^ = 0. Similarly, if V' e ^°'", the W"""^ component of d^ is N2 ■ ^, hence the 
vanishing of this component implies that A''2 = and Proposition 3.1 implies that I-^- is 
integrable. D 

While the different U^''^ components of d^ obtained in terms of the generalized almost 
Hermitian extension of the SKT structure depend on the particular extension chosen, the 
operators 6^ , 6^ and ^_ depend only on the SKT data, since they are the decomposition 
of d obtained from the eigenspaces of Z+ . 

Corollary 3.4. The following hold 

(5^)2 = (^)2 = 0; {SlL} = 0; {WJ-} = 0; {<5^,5f} + (^^)2 = 0; 

where {•, •} indicates the graded commutator of the operators. 

In the arguments up to now, given a positive SKT structure, we have chosen the 
complex structure Z_ rather freely, but one can still require some integrability of X_ 
without restricting the geometry, as we argue next. 

Proposition 3.5. (Cavalcanti [7]) Given a positive SKT structure {G,Z^) on {M,H), 
there is a generalized complex structure J\ of complex type which extends Xj^. Further 
J 2 = GJi is of symplectic type and its canonical bundle has nonvanishing section p2 such 
that dj^p2 = 0. 

Idea of the proof. Indeed, we can use the procedure from Section 1 to produce an almost 
complex structure / with compatible metric g on M and we can extend the SKT structure 
to an almost Hermitian structure (^,i7i), where Ji is the generalized complex structure 
corresponding to the complex structure /, as in (1.5). We let w = gol be the corresponding 
Hermitian form. Then integrability of the SKT structure is equivalent to the integrability 
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of / (and hence of J\) and the condition d^w = H^ where K is the 3-forni associated to the 
metric spUtting of TM. In particular J\ is a generahzed complex extension of the SKT 
structure. Finally, the canonical bundle of J 2 is generated by p2 = e**^ and 

hence dj^p2 = 0. D 

Theorem 3.6. Let (M, H) be a manifold with 3-form and {Q, J\) he an generalized almost 
Hermitian structure on M . Then the following are equivalent: 

1- {G,JTi) is an integrable generalized complex extension of a positive SKT structure; 

2. d" : ^/P'« -^ ^/P+i'«+i e^P+i'"-! e^P+i'9-3 e^P-i.9+3 @W'^^''+'^ eU^-^'"-^ for all 
p,q £ TL; 

3. d^ ■ ^/P'"-P -^ ^P+l,n-p-l ^ ^p+l,n-p-3 ^ ^p-l,n-p+l ^ ^p-l,„-p-l ^^^ ^^^ ^ g ^ . 

I d^ :^/0'" ^iY-^'"-i©^/i'"-i©ZYi'"-3 and d^ -.W^"^ ^W~^^^ ®W-^^-^ . 

Proof. The fact that 1) implies 2) follows from Proposition 3.1 and integrability of J'l. 
The implications 2) => 3) =^ 4) are immediate. Finally, similarly to the proof of Theorem 
3.3, the values of the different components of the intrinsic torsion are fully determined by 
their action on U""' and U '"" and 4) implies the vanishing of all components of the intrinsic 
torsion except from A'^i. D 

In light of Proposition 3.5, this theorem allows us to define six differential operators on 
a generalized complex extension of a positive SKT structure: 

d^ = 5^+'6- + N + N + d+ + 6+ (3.2) 



We see that A^ = A^i is the Nijenhuis tensor of J2^ in particular, N is tensorial and this 
theorem shows that if {Q^Ji) is a generalized Hermitian extension of an SKT structure 
then half of the Nijenhuis tensor of J 2 vanishes, namely the component A'^2 from (2.6). 
Also, this decomposition allows us to express the operators 6^ and ^_ from (3.1) in terms 
of (5+, (5_, A^ and their conjugates: 

5^ = 5+ + N; $_=5-+^-. (3.3) 

Since (d )^ = these operators satisfy a number of relations. 
Corollary 3.7. The following relations and their complex conjugates hold: 

4 = iV2 = 0; {5+,N] = Q- 

5l = -{N,6+]- {]V,5_} = 0; {5_,5+} = 0; {5+,^_} = -{(5_, iV}; 

{<5+,^+} + {5_,^_} + {iV,]V} = 0. 
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Figure 7: Decomposition of d for a generalized complex extension of a positive SKT structure. 



Corollary 3.8. Let {Q^Ji) be a generalized Hermitian structure on a manifold with 3- 
form (M, H) and let J 2 = GJi be the associated generalized almost complex structure. If 
the canonical bundle of J 2 admits a 9 j-^ -closed trivialization, then [Q, J) is an extension 
of an SKT structure. 

/n-1,1, 



Proof. Since Ji is integrable, d^ : W"'" 
that 



W 



)U 



n-1,-1 



Due to Lemma 2.3, we have 



d^ : ZY°'" 



U 



-l.n— 3 



®u 



-l,n-l 



,^l,n-lg^^l,n-3_ 



But according to the hypothesis there is a trivialization p of f/*^'" such that dj^p = 0, that 
is, for such p the components of d^ p lying in IA~ '""" © lA^ '"'^ vanish. In particular, the 
component in U~ '"" is part of the Nijenhuis tensor of J^2 and since it vanishes on p it is 
the zero tensor. So we see that, in fact 



-l,n-l 



/l.n-1 



)U 



l,n-3 



D 



and the last condition of Theorem (3.6) holds. 

The same results hold for negative S'iTT structures. One should bear in mind, however 
that the relevant spaces for a negative structure are given by W^ = ^p_„=;j C/^''^, that is, 
each W^ is an antidiagonal and integrability is equivalent to 

d^ :W'L — > W^+2 © >V^ © >V^~^ 

or, in terms of the C/^''^ decomposition obtained by choosing a generalized complex exten- 
sion, d^ decomposes as shown in Figure 8. 

So an SKT structure (positive or negative) corresponds to a generalized Hermitian 
structure in which half of the Nijenhuis tensor of J2 vanishes. 



20 



W' 



^1,9+1 




^p+l,(/+3 



jjp+l,q+l 



0+ ^ / ^--^ o_ 



p-l,g-l 



u 



Up-l,q-3 




2jp+l,q-l 



Figure 8: Decomposition of d for a negative SKT structure. 



4 Parallel Hermitian and bi-Hermitian structures 

4.1 Parallelism and the intrinsic torsion 

The existence of a relationship between connections with closed, skew symmetric torsion 
and the Courant bracket was made evident by Hitchin in [22]. Precisely, given a generalized 
metric on TM, we let H be the 3-form corresponding to the metric splitting and g be the 
induced metric on M. Also, for X E T{TM) we let X± € r(V±) be unique lifts of X to 
V±, we let TT-i- : TM — t- V± be the orthogonal projections onto V± and ttt '■ TM — > TM 
be the natural projection. 

Proposition 4.1 (Hitchin [22]). Let V be the unique metric connection whose torsion is 
skew symmetric and equal to ^H. Then 



V-^Y 



7rrovr_[X+,y_l 



From this proposition, we see that the isomorphisms ttt 
connections with torsion ^H to the operators 



V± 



TM relate the 






r(y_) X T{v+] 
T{v+) X r(y_) 



nv-y, 






1T+IV,W}, 



IT- w,v 



veT{V+),weT{V.), (4.1) 

ver{v+),weT{V-). (4.2) 



As we will work with the spaces V± directly, we will use V^ instead of the connections 
they induce on TM, with the understanding that these are equivalent operators, so, for 
example, if V"*" has holonomy in U{n), then M has an almost Hermitian structure {g,I) 
which is parallel with respect to V"*" and via the isomorphism ttt : V^ — > TM, V+ gets a 
positive almost Hermitian structure which is parallel for V^ so that V^ has holonomy in 
U{n) and the converse statement also holds. 
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Definition 4.2. A parallel positive (resp. negative) Hermitian structure is a positive (resp. 
negative) almost Hermitian structure which is parallel with respect to V"*", (resp. V~). 
A parallel bi-Hermitian structure or parallel U{n) x U{n)- structure is a triple {g,I-^-,I-) 
such that {g, /+) is a parallel positive Hermitian structure and {g, /_) is a parallel negative 
Hermitian structure. 

Proposition 4.3. If the connection V+ has holonomy in U{n), the corresponding positive 
almost Hermitian structure satisfies 

[r(y^'°), r(y^'°)] c r{v+ ® c). (4.3) 

And conversely, if a positive Hermitian structure satisfies (4.3), then it is parallel with 
respect to V"*". 

Similarly, V^ has holonomy in U{n) if and only if 

[r(T/i'°), r(yi'°)i c r(vi o c). (4.4) 

Proof. Let I-^- be a complex structure on V+ orthogonal with respect to the natural pairing 
and let V_^_' be its +z-eigenspace. Then, for vi,U2 € ^(y+' ) and w S r{V-), we have that 
{vi,w) = 0, as V"+ and V- are orthogonal with respect to the natural pairing. Hence 

= C^j,y^{w,V2) 

= {IVI,WJ,V2) + {w,lvi,V2J) 
= -{lw,Vl},V2) + {W,IVI,V2J) 
= -(V+l'l,t'2) + {W, [l'l,t'2l)- 

where in the third equality we used again that V+ and V- are orthogonal with respect to 
the natural pairing, and hence |'t;i,w] = — |ty,7;i] and in the fourth equality we used that 
^2 € V+ and hence the V- component of |t/;,7;i] is annihilated by the natural pairing. 

If X+ is parallel with respect to V^, then {'V^vi,V2) vanishes for all vi,U2 € ^(y_^_' ) 
and w G T{V-) and hence, according to (4.5), so does {w, 1^1,^21), showing that |vi,V2l 
must be orthogonal to V- and hence, a section of V+. Conversely, if , 1^1,^2] G T{V+), 
then for all w G T{V-), {w, [t'i,U2]) = hence (4.5) implies that {V^vi,V2) = showing 
that V^fi is orthogonal to V^' . Since V_^' is a maximal isotropic of V+ (^C, we conclude 
that V^fi E r(y^' ) for all w & V- and vi G r(F|_' ), hence Z+ is parallel with respect to 
V+. D 

Remark. Here we obtain, in a new light, a well known contrast between connections with 
torsion and the Levi-Civita connection regarding integrability. Indeed, for the Levi-Civita 
connection, reduction of the holonomy group to U{n) implies integrability of the complex 
structure, but that is known not to be the case for connections with torsion. Prom our 
point of view, this is the difference between the reduced holonomy condition 

ir{vl''),r{vl'')}cr{v+) 

and the SKT condition 

[r(y^'°),r(y^'°)Icr(y^'°). 
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Theorem 4.4. Let (M, H) he a manifold with 3-form, Q he a generalized metric on M 
andXj^, X_ he a positive and a negative almost Hermitian structure on M 

• X_|_ is parallel with respect to V^ if and only if N2 = N3 = 0, i.e., 

d" -.WX^ n;fc-6 yv;fe-2 ® y^^ ® y^fc+2 ^ ^k+&. 

• X_ is parallel with respect to V~ if and only if Ni = N^ = 0, i.e., 

• (C/,Z-|_,Z_) is a parallel hi-Hermitian structure if and only if Ni = for i = 1,2,3,4. 

Proof. Since V- is the orthogonal complement of V+ with respect to the natural pairing, 
it is clear that (4.3) is equivalent to the following two conditions 

{lvi,V2lw) = for all t;i,t;2 G r{vl'°),w € r{V^'^). 

{lvi,V2J,w) = for all t;i,f;2 G r{Vl'°),w G r(yi'°); 

but the first condition is equivalent to the vanishing of N2 and the second, to the vanishing 
of N3. Finally, since the component of d mapping W to W "^ is given by the sum 
^^^^2 + -^3) we see that the vanishing of this component is also equivalent to the parallel 
condition. 

The remaining claims are proved similarly. D 

The decomposition of d^ for an almost generalized Hermitian structure extending a 
parallel positive Hermitian structure is depicted in Figure 9 and the decomposition of d 
for a parallel bi-Hermitian structure is depicted in Figure 10. 

The same argument used in Theorem 4.4, shows that the obstructions for parallel 
structures to be integrable are given by A^-|-: 

Proposition 4.5. Let {M,H) he a manifold with 3-form. 

• A parallel positive (resp. negative) almost Hermitian structure is a positive (resp. 
negative) SKT structure if and only if N^ = (resp. N^ = {)); 

• A parallel hi-Hermitian structure is a generalized Kdhler structure if and only if A^4_ = 
iV_ =0. 

Corollary 4.6. Let M^ be a four dimensional manifold. 

• A parallel positive/negative Hermitian structure is a positive/negative SKT structure; 

• A parallel bi-Hermitian structure is a generalized Kahler structure. 

Proof. Since M is four dimensional, Vj_' are two dimensional complex vector spaces, so 
A^V^.' = {0} and hence N± G A'^V^' are the trivial tensors. D 

We finish this section with a characterization of parallel structures similar to the dif- 
ferential geometric characterization of SKT structures. 
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Figure 9: Representation of the nontrivial components of d for an almost generalized Hermitian 
structure extending a parallel positive Hermitian structure 
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Figure 10: Representation of the nontrivial components of d^ for a parallel bi-Hermitian struc- 
ture. 



Theorem 4.7. Let M he a manifold with 3- form, Q he a generalized metric and X^, I_ 
he a positive and a negative alm,ost Hermitian structure on M and J\ = X+ + X_ . Let H 
he the 3-form corresponding to the metric splitting ofTM and {g,I±) be the corresponding 
hi-Hermitian data. Then 



1. Z+ is a parallel positive Hermitian structure if and only if 



.3t^*1,0 



1,0; 



A+ € ^-'Tl^'^M; A+{X, Y, Z) = io+{[X, Y\Z), X,Y,Z (^ TiT^l^M) 
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is a skew symmetric tensor^ and 

duj+ = IIH; 

where T_^^' M is the +i-eigenspace ofI+, a;+(X, 1") = g{I-^-X,Y) andl*^\np:i = i{p—q); 

2. {G,iJi) is a parallel negative Hermitian structure if and only if 

A. G ®3j.*i,o^. A^{X,Y,Z) =uj^{[X,Y],Z) 
is a skew symmetric tensor and 

du^ = -r_H; 

where Tj M is the +i-eigenspace of I- and uj^{X,Y) = g{I^X,Y); 

3. (G, J\) is a parallel bi-Hermitian structure if and only if 1) and 2) hold. 

Proof. We will only prove 1) as 2) is completely analogous and 3) follows from 1) and 2). 
Let v,we r(V'+'°) and let X = tttIu) and Y = t^t{w) G T{t];^M) so that v = X+g{X) 
and w = Y + g{Y), where T|_' M is the +i-eigenbundle of the almost complex structure 
/+. Since a;+ = g o I_^_, we have that g{X) = —iuj+{X) and hence 

{v, wJH = IX- iiv+iX), Y - iu;+iY)JH 
= le"^+X,e''^+YJH 
= e''^+lX,YJH+id^+ 
= [X, Y] - iYix{H + idoj+) - iL]^x,Y]^+- 

Therefore, |f , vj\ is a section of V+ if and only if 

g{[X, Y]) = -iYix{H + iduj+) - iL[x,Y]^+- (4.6) 

Splitting [X,Y] into its (1,0) and (0, l)-components, we have [X,Y] = [X,Y]^'^ - 
Nij(X, Y) = [X, y]i'° - {iy, {lx,N}}, where Nij and N G T{A^Li^) are the tensors intro- 
duced in (2.2) and (2.3) for the generalized complex structure associated to 1+ 

computed with respect to the Courant bracket with zero 3-form. Similarly, dw-\- has four 
components: 

dujj^ = N ■ w-i- + (?u;-|_ + duj^ + N ■ uj^ . 

Hence, (4.6) is equivalent to 

-^'•[x,y]i.o^+ - 'i'ii'Y, {t'X,N}}u}+ = - LyLxiH + i{N ■ uj+ + duj+ + doj^ + N ■ a;+))+ 

- «(^[x,y]i^ow+ - W, {lx,N}}uj+). 



■^This condition is sometimes phrased in the literature as "the Nijenhuis tensor of /+ is fully skew symmetric" . 
Since we have a slightly different definition of Nijnehuis tensor and ours is always fully skew symmetric, we avoid 
the use of this common terminology to refer to this condition. 
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Since duj^ € ^^'"^{M) and A^ • W+ G il'^'^(M), these terms are annihilated by the interior 
product by X, y G r(T^' M) and we obtain that (4.6) is equivalent to 

iiyixH = Lyi-xduj — 2{ly, {ix, N}} ■ a;+ + tytx-^ • ^+- (4-7) 

Equating the (0, 1) components of both sides of (4.7), we get 

iiyi-xH"^'^ = l'Y''Xduj+, 

hence 

iH^'^ = duj+. (4.8) 

To determine the (1,0) components of both sides of (4.7) we contract the whole equation 
with Z G r_^'°M: 

iH{X, Y, Z) = 2{iY, {ix,N}} ■ LZUJ+ + iziYixN ■ uj+. (4.9) 

Since H{X, Y, Z) and N ■ w+ are skew forms, this equality can only hold if 

{X,Y,Z)^{LY,{>^x,N}}-izuj+ 

is also skew and, spelling it, out we see that the tensor above is nothing but A^ from the 
statement of the theorem. Further, expanding the last term and using skew symmetry of 
A^ we get 

tZiyixN -UJ^ = -{by , {lx , N}}lzUJ + C.p = -3{iy,{Lx,N}}izUJ. 

Hence, (4.9) becomes 

3iH{X, Y, Z) = iziyixN ■ a;, 

which is equivalent to 

3iiJ^'° = N ■u:+ (4.10) 

and (4.7) is equivalent to (4.8) and (4.10) an skew symmetry of Aj^. Since H is real, we 
obtain that the parallel condition is equivalent to 



n 
5 Hodge theory 

In this section we develop Hodge theory for manifolds with parallel Hermitian, bi-Hermitian 
and SKT structures . Our main result is that for a parallel positive Hermitian structure 
the Laplacian preserves the spaces W_^' and hence induces a decomposition of the d^- 
cohomology accordingly. This is in contrast with the fact that for usual manifolds the 
d^-cohomology has only a Z2-grading. For positive SKT manifolds, not only does the 
Laplacian preserve the spaces W_^' , but in fact there is an identity between the Laplacians 

for the operators d , 6^ and S^ . We start with real Hodge theory and some operators of 
interest. 
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5.1 Differential operators, their adjoints and Laplacians 

Given a generalized metric and orientation on a compact manifold M", we can form the 
Hodge star operator which gives us a positive definite inner product on forms: 



G(vJ,V)=/ {^,*'^)ch for allc^,VG^*(M;M). (5.1) 

Jm 

Two basic results about d^ are: 

Lemma 5.1. If M™ is compact 

/ {d^^,tp)ch = (-1)" / {^,d^i))ch- (Integration by parts) 

Jm Jm 

G{d"ip, il}) = G((^, (-1)™ •-I d^ • ^) (Formal adjoint) 

hence the formal adjoint of d is given hy d = ( — 1) 2 * d -k. 

The operators we will be mostly interested in are 



IP^ = i(d^ _ (-1)^^^^^ ^d^*) = Ud^ + (-l)-+id^*) 



2V"' \ -^J A u, a; — 2i 

m{m — l) 



(5.2) 



0^ = \{d" + (-1)^^^^^^ *(i^*) = \{d" + (-l)'"^^*). 

The operators 0_|_ relate to the projections of d^ onto SD- and ASD- forms 

d^ -.Q'iM) ^ni{M), 

Tj L TT mim—l) jj 

d^ip = -{d^ip^i 2 — )i.d"ip. 

Lemma 5.2. Given ip € Q'(M) let ip^ be its SD and ASD components, then 

In particular we see that Ip_ preserves the spaces Q^(M) while Ipj^ maps them to each 
other. 

Proof. 



-, TT m(m — l) m(m—l) tt -, tt rri{rri — \) m(m—l) tt 






-I TT m(m — l) TT -. 7r m(m—l) jj 

\{{d" ± r^T-^ *d^)99+ + \{{d"^r^^i.d")^_ 
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We note that since -0_|_ swaps 17^ (M) with Q'_{M) it is a generahzation of the signature 
operator. One could use this result to define an //-signature and an i/-Euler characteritic 
as the indices of l/)^. But since Ip^ has the same symbol as d + (—ly^^^d* and Ip_ has 
the same symbol as d+ (— l)™(i*, the indices of these operators agree and hence they are 
just the usual signature and Euler characteristic. 

Proposition 5.3. Let A^ = d^d"* + d^*d^ he the d" -Laplacian. Then 
1. *A^ = A-^* and 

Therefore A preserves the decomposition of forms into Q^(M) and hence the d -cohomology 
of M splits as SD- and ASD- cohomology: H^h{M) = n^{M)®n^{M). 

jj m{m-\'l) jj 

Proof. The first claim follows by simply expanding d = ( — 1) 2 -k d -k: 

= {-iy''^^{kd''kd"i.+d''kd''*') = A^i.. 

The second is just as straightforward: 

D 
5.2 Hodge theory on SKT manifolds 

Theorem 5.4. Let {M,H) be a compact manifold with 3-form, let {Q,Z^,Z^) be a gen- 
eralized metric with a pair of almost Hermitian structures and J\ = Z+ + X_ . Then 

1. Ifl+ (resp. X„j is a parallel positive (resp. negative) Hermitian structure, the d - 
Laplacian preserves the spaces W+' (resp. W2 ) and hence the d^ -cohomology of M 
inherits a corresponding Z x 7j2-grading; 

2. If {G,Ji) is a parallel bi-Hermitian structure, the d -Laplacian preserves the spaces 
Li^''^ and hence the d -cohomology of M inherits a corresponding TL -grading; 

Proof. The claim for positive and negative structures are analogous and together they 
imply the last claim, so it is enough to prove the first claim. 

If {M,H) has a generalized Hermitian structure {G,>Ji), then, since each diagonal of 
the U^'"^ decomposition lies in either fl*:^{M; C) or in n,*_{M; C), so Lemma 5.2 implies that 

0^ and 0_ are decomposed into a sum of operators: 

If X_|_ is parallel, then, according to Theorem 4.4, N2 = N3 = and from (5.3) we have 
that Ip_ = (5_ + 5_ + N^ + N^, which clearly preserves the W_|_ decomposition, therefore 
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A^ = 4:[Ip_ )^ also preserves the W decomposition of forms. Since the Laplacian has 
even parity, it also preserves Q'^'"{M) and Q, (M), hence the Laplacian preserves the 
spaces W_^l . D 

Corollary 5.5. Let M be a manifold with 3-form. 

• An SKT structure on M induces a Z x Z2-grading on the d -cohomology; 

• (Gualtieri [19]) A generalized Kahler structure induces a Z -grading on the d - 
cohomology. 

For each of the cases covered in the previous theorem, we denote by H*'*{M) the 
corresponding decomposition of the d^-cohomology. 

Corollary 5.6. Let {M^^,H) be a compact manifold. 

• If (Q,I^) is a parallel positive (resp. negative) Hermitian structure for which A'^-|_ ^ 
(resp. iV_ ^ 0), then Hp''{M) = {0}. 

• If (Q, Jx) is a parallel U{ri) x \J{n) structure on M for which A^_|_ ^ and N_ ^ 0, 
then H-^'^(M) = whenever \p + q\ = n or \p — q\ = n. 

Proof. Once again, the proof for positive and negative Hermitian structures is analogous 
and together they imply the claim for parallel bi-Hermitian structures, so we prove the 
claim only for positive structures. Assume that H'"''*{M) is nontrivial. Then there is a 
harmonic form p G r(W"'*), in particular, p is d^-closed, but the component of d^ p in 
yyn-3,. -g gj^gj^ j^y jYLJT^ and the action of A'^^ ^ on W" is faithful, hence iV+p = for 
p ^ implies Nj^ = 0, contradicting our initial hypothesis. D 

Corollary 5.7. (Riemann bilinear relations) In a compact parallel positive Hermitian 
manifold 



I 



-\a,a)ch > for ah a e F^i(M)\{0}. 



Proof. Indeed, let a be the harmonic representative for the class a € H 'u{M)\{{)}. Since 
a G VV_|_' , -ka = i a and hence •« = i^ a and 

r^{a,a)ch = {a,Ta)ch > 0. 

n 

Next we prove that the 5^ Laplacian is a multiple of the d Laplacian in an SKT 
manifold. Firstly, we extend the real inner product on forms (5.1) to complex valued forms 
by requiring it to be Hermitian. If we let * denote the operator given by Tip = Mp, we have 



,,^) = ((^,;f^) for allv3,V'GS7*(M;C). 

Proposition 5.8. Let M^" be a compact generalized almost Hermitian manifold and let 
6 denote any of the operators 6j^, 6j^,6-,6-, N^ or Na, where a = 1,2, 3, 4, ±. For ip,'ip ^ 
n'{M;C) we have 

/ {6(p, '4))ch = / (y?) '5^)ch (Integration by parts) 

JM JM 

6* = ±S, (Formal adjoint) 
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where the sign for the adjoint is positive if 5 : il±(M;C) — > Q±{M;C) and negative 
otherwise. 

Proof. The proof that integration by parts holds is the same for all of these operators, so we 
consider only 5+. It is enough to consider the case when cp € U^''^ and hence 6+(p € U^^ ''^^ 
and it pairs trivially with U ' , unless k = —p — 1 and I = —q — 1. Hence we may assume 
that ^ G ^-p-i.-a-i ^nd compute 

iM Jm Jm Jm 

where in the first equality we have used that the remaining components of d ^p do not lie 
in Z//^"*" ''^'^ , hence they pair trivially with ip, in the second equality we integrated by parts 
and then reversed the argument. 

For the formal adjoint, again taking 6 = 6+, ip £ U^''^ and tp € ^p+^''?+^ we compute: 

G(5+<p,V)= / i6+p,^^P)ch = i-"-"-^ I {^,S+lp)ch 
Jm Jm 

= i-P-^-^ [ (<^,(_l)-^55+V^)^,=rP-'/-2(_l)n f (^,^^^^^) 



Ch 

M Jm 

Jm 

where we have used several times that on U^''^ -k is multiplication by i^"*"*^ and in the last 
equality we used that p + q = n mod 2. D 

Corollary 5.9. (6^)* = -^. 

Theorem 5.10. In a positive SKT manifold, 

Proof. From Ip_^ =6^ + 6^ and Propositions 5.3 and 5.8 we have 

iA^ = -(<)2 = -(5^ + ^)2 = -^5tf-5l'6f-^6^-^^ 
= -S^JN _ -Ws^ = 6^6"!* + 6^*6^ = A,N 



n 



Corollary 5.11. The complex 



^JV gN gN 
y W^-2 ^ y^k _±^ yyk+2 ^ ... 

is elliptic and hence so is the complex for 5+. 

Note that 6- , obtained in the presence of a extension of the SKT structure to a gener- 
alized Hermitian structure, does not square to zero, hence the chain 

^ ^P-I,g-1 iz^ l(P,q iz> l^P+l,q+l iz^ . . . (5.4) 

is not a complex and its failure to be a complex is measured by 6"^ = —{6+, N}. 
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5.3 A spectral sequence 

The decomposition 6!^ = 6^ + N obtained in the presence of a generahzed Hermitian 
extension of a positive SKT structure is such that 5^ = A^^ = {6+,N} = 0, hence this 
decomposition of the differential gives rise to a spectral sequence converging to the coho- 
mology of 6^ . The first page of this sequence is just the (5+-cohomology, H' . The next 
nontrivial page corresponds to the cohomology of the operator N : H' — > H* and the 
sequence goes on. 

We can concretely compute the following pages of the sequence. Indeed, this is similar 
to the spectral sequence used to compute the cohomology of d^ from the usual de Rham 
cohomology [5, 1]. A given ip^''^ € U^''^ gives rise to an element in the first page of the 
spectral sequence if it represents a nontrivial (5-|_-cohomology class. Then [f^'''] survives 
the next step if [(^P'*] is iV-closed, that is N ■ [ipP^i] = 0, i.e., if there is 99P-2.9+2 g uP~2,q+2 
such that 

N ■ ifP'" = 5+c^P-2'''+2 (5.5) 

and it bounds if [f^''^] is A^-exact. If the class survived the second step, it will survive the 
third step if for some choice of ipP~'^'i+'^ satisfying (5.5), [ipP~'^''^^'^] is A^-closed and it will 
bound if it is A^-exact, that is, we can find (^p~'^''?+4 ^ ^p- ,<i+ s^ch that 

Notice that N-if^^'^''^^'^ is just some kind of Massey product. Indeed, A^-A^ = A^^ = = 6+0 
and A^ • f^''^ = (J+c/?^"^''^"^, so if we use the usual expression for Massey products of forms 
we have 

So the class of 99^''? continues to exist after the third step if the Massey product (A^, A'', ipP^'^) 
is defined and is the trivial 5+-cohomology class. 



The general step of the sequence corresponds to the Massey product (A^, N,- ■ ■ ,N, ipP''^) 
and the class survived to this stage if there are choices of c^P~-J'^''?+2i for j < k, such that 
the previous products are defined and vanish. The class survives this stage if we can choose 

^-2k,g+2k ^-^j^ 



and such that the Massey product 



vanishes (in (5+-cohomology). 

Since on M^" the bidegree of ip is bound by itn we see that there are at most n + 1 
nontrivial steps in the sequence. The element (^^'^ survives in E^o if all Massey products 

{N,N,--- ,N,^P^'^) 

vanish in which case the forms tp^ above give rise to a 5:!^-closed form: X]fc=o LfP~ ''^^ . 
With this argument we have proved 
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'5,g+7 




Figure 11: Graphic representation of the first four differentials of the spectral sequence relating 
5j^- to (5^-cohomology. 



Theorem 5.12. Let (^,Z+) he a positive SKT structure on a compact manifold with 3- 
form (M, H) and let J he a generalized complex structure extending X^. There is a spectral 
sequence converging to the 6^ -cohomology whose page E2 is the 5+ cohomology and whose 
differentials are Massey products 

k-l 

This sequence degenerates after the page En+i- 

Proposition 5.13. Let H,'u{M) he the Z x 'Z2-graded decomposition of d^ -cohomology 

of a positive SKT manifold induced by the decomposition of forms into the spaces W^' . 
Also, let H^'^{M) he splitting of the cohomology of the operator 5+ according to the U^''' 
decomposition. Then the Euler characteristic and the signature of M are given hy 



X 






^(-l)'dim(i?;-2'=''(M)) = ± j;(-ir dim(//,7(M)) 



a 



Y,{-if ^mh:h'''\m)) =Y,{- 



\n-p-q 



dim{Hf\M)) 



Proof. As we argued earlier, the indices of lp_^_ and 0_ are just a and Xj signature and 
Euler characteristic of M. Then the claims relating H'''{M) with the x ^^iid a follow from 
the splitting of the d -cohomology obtained in 5.10. 

As for 6-\- , the proof is an iterated application of the fact that if 



{0} 



T r do T ^ oil 

Vo — y Vi — ) 



Vn -^ {0}. 



is a complex, then the alternating sum of the dimensions is the same for the complex and 
its cohomology: 



5](-l)Mim(y,) 






-DMim 



Im(di_i] 
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and the fact that N maps 0^''(M) — > 0°'^(M) and 0+(M) into J^_(M) and vice versa, 
hence the corresponding alternating sum of the dimensions remains constant for all pages 
in the spectral sequence relating the 5+-cohomology with the (5:!j^-cohomology. The sign to 
be used for the Euler characteristic in terms of Hs^ (M) is positive if U '"" is made of even 
forms and negative otherwise. D 

5.4 Relation to Dolbeault cohomology 

As we saw in Proposition 3.5, given a positive SKT structure {G,I) on M one can extend 
1+ to a generalized complex structure J^i of complex type. In this case, in the metric 
splitting of TAf , the structures J'l and J'2 = GJi are given by 

7 -(^ M 7 -(^ -^'' 

^ ^ Vo -I*) ' v^ 

where uj = g o I and for such generalized Hermitian structure Proposition 1.9 gives an 
automorphism of the space of forms which relates the U^''^ decomposition of forms with 
the usual a^'^T* decomposition of forms determined by the complex structure I. 

In this section we relate these two decomposition of forms and corresponding coho- 
mologies. Precisely, the effect of applying the automorphism ^ from (1.7) to A'T^M on 
d^ is simply to conjugate it by ^, so we get a new operator 

(jH = ^-1 od^ o^. 

Since d splits according to the C/^''^ into six operators, the same is true for d^ and we 
can define 



6+ : QP''^ - 


-^ S7P-^'«; 


^+ 


: flP'9 - 


-^ OP+l'-?; 


L : S7P'5 - 


-^ S7P'5+l; 


t_ 


: flP'<? - 


-^ OP'^+i; 


N : QP^'i — 


^ 0P-l.'?-2 


F: 


OP'9- 


_, QP+1,,+2. 



Proposition 5.14. Let {Q,Z^) be a positive SKT structure on a manifold with 3-form 
(M,H), let J he the generalized complex extension ojXj^ given by Proposition 3.5. Let 

d^'^ = {d,uj-^} and T'' = {d,uj-^}, 

let Q, be the component of ei dco lying in A*T(8) A^~*T* and let x be the (1, 2)-component 
of [uj^^,iLi^^]siy, where [-j-jsN is the Schouten-Nijenhuis bracket. Then the following hold 



(5.7) 



6+ = §a""' + 2iC2 


t+ = d 


L = d + 2iCi 


t_ = §5^"' 


N = hx 


W = 2idu}. 
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Proof. The proof is a direct computation of the operator d^: 

dH = e-§^"'e-^^((i + FA)e^'^e5'^"' 

= e-5^"'e-*"'e^'^(d + {H + idoj)A)e^^'^'' (5.8) 

= e-i'^~'dei^'' + 2ie-i'^'\dujA)ei'^'' 

We compute separately each of the two operators above making up d^: 

e-K'deK' =d+[d, i^-i] + ^[[d, iw-i], i^-i] + i[[[d, fo;-^], fw"^], It^-^] + • • • 

The first term is just d = d + d, while the second term is a version of the symplectic 
adjoint of d introduced by Koszul [26], but now obtained in a nonintegrable setting, S^ = 
d o oj^^ — uj^^ o d. Since uj is not closed, 5'^ does not square to zero. Integrability of the 
complex structure gives d = d + d and recalling that uj~^ is of type (1, 1) we have 



S"^ =8^^ +T ■,d'^ ■MP''' ^QP''^-^; T : QP''^ ^ QP-^'''. 

Since u;~^ is even, the third term in the series coincides with a multiple of the expression 
for the derived bracket of uj^^ with itself, that is, the Schouten-Nijenhuis bracket: 

[[d, ^u;-\ §^-1] = -{{loj-\d}, 1^-1} = l[u;-\oj-']sN. 

Since uj~^ is of type (1, 1), integrability of the complex structure implies that this term 
this is a 3-vector lies in A^'^T © A^'^T, so this terms also decomposes: 

The fourth term is the commutator [[tJ^^jW^-'^Js'Ar,^;^"'^] which vanishes since uj~^ is a 
bivector and hence so do the remaining terms in the series. So we have established that 



-1 



e-t^"'de-t^"' = d + d + ^d""'" + ^T" + lix + x) (5.9) 

Next we compute the second summand in (5.8): 

— 1(^-1— 
= 2ie* ^ 9a;, 

where we have used (1.1) in the second equality. The element e* ^ du ^ A^T^M has six 
components: 

e;^'^~'9u;G(A2'ir*)©(Ti'°®Ai'iT*)©(T°'i0A°'2r*)©(A2'OT0r*i'°)©(Ai'^T0r*O'^)©(Ai'2T) 

Since, for a 1-form .^, e* ^ ^ = |a;~^(^) + ^, we see that the 3-form component 
is duj and that the 3-vector component is —%u:~^du:. We let ("i be the component of 
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e* 2"^ 9a; in T (g) A^T* and C2 be the component in A^T (g) T*, so that Ci : A^'^ — s- AP''?+\ 
C2 : A^''' -^ AP~^''i, and 

2fe-5'^"' o 5a; o e^'^"' = 2i9a; + 2iCi + 2^(2 + -uj~^(du}) 

Putting this together with (5.9) and the fact that d^ does not have a component 
mapping S1P''?(M) to ^^-^'^-^(M) we conclude that x = 2a;"^(9a;) and obtain (5.7). D 

Next, we let d be the operator d + idooA. Then we observe that even though d 
does not preserve the degree of a form, it preserves the holomorphic degree, i.e., 

SO its cohomology has a natural Z-grading. For an operator S with 6^ = we denote its 
cohomology by Hs{M). 

Corollary 5.15. Let {G,I^) be a positive SKT structure on a compact manifold, let J be 
the generalized complex extension from Proposition 3.5 and let (^f, /) be the corresponding 
Hermitian structure with Hermitian form uj = g o I. Then 

Hl'\M) ^ H^-P-^M), 
and 

Proof. Indeed, * puts QP'^iM) in correspondence with z^9-p."-p-9 and fiP''(M) with 
yV"'~'^P and according to Proposition 5.14, ^od = '6^o-^ and ^ o d'^"^ = 5^0^. Therefore 
the RP'^M) ^ H^P'^'-P-^M) and HP^^-^^{M) ^ H^'^P{M). Of course the cohomology 

of d is the same as the cohomology if d , as the automorphism 

m:A''*T*M — >m:A'''T*M m{a)=22a for all a G AP'^r*M, 

relates them. D 

Interestingly we have that d^ = d + d and the operators d and d both 

square to zero (due to the SKT condition ddoj = 0) and graded commute. Yet, they are 
not well behaved with respect to the Z -bigrading of forms and only on a Z2-grading do 
they behave nicely, as there we have 

Qidu> . ^P,q^M^ _^ ^P+^^'i{M) d'"^'-" : nP''^{M) -^ nP'^+\M), {p, q)eZl 

There is a standard trick to recover one Z-grading, say the 'p'-grading. We introduce 
a new fo 

nP'i{M) 



a new formal variable, /3, alter the operators d and d so that they act on Ei 



d'^^{a(3^) = {d'^'^a)l3^ d '^'^{aP^) = {da)l3^ - iduo A ap^^^ 
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and introduce a Z x Z2-grading on Ei by declaring that for Q,P''^{M) (^ (3^ = Ef ''^, 
{p — 2k,q)eZx Z2. I.e., /3 has degree (—2,0). With this arrangement 

Qidu. : ^f «(M) -^ Ef-^''%M) d~'^" : ^f (M) -^ EP'''+\M), {p, q) £ Z x Z2. 

In this setting, one can produce a Z x Z2-graded spectral sequence whose second page 
is H*-g^{M) (g) (/3) and the last is H'h{M) (g) (/3). Since these are isomorphic, by Corollary 
5.15, this sequence degenerates at the second page. 

Theorem 5.16. (SKT Frolicher spectral sequence) In an SKT manifold the decomposition 
d^ = [d + idtd) + {d — idoo) gives rise to a spectral sequence which degenerates at the second 
page. 

5.5 Alternative definition 

One shortcoming of SKT structures compared the Kahler structures is that there is no 
analogue of the d'^-operator. Instead, there are two operators, neither of which fully works 
as the complex d"^. Indeed, given a positive SKT structure (^,X), we can define 5^ and d^ 

as 

5^ = {d^ ,1} = -^{5^ - 5^) ^ 

d^ = e"?d^e^ = -i{5^ - 5^) + ^_; 
Lemma 5.17. The following hold: 



(d^*)2 = {d^\d"} = \/\"; 



2' 

1 
2' 



Proof. The claim 6^* = —6^ follows from 5.9. Using Corollary 3.4, Corollary 5.9 and 
Theorem 5.10 we have 

Using that the graded commutator satisfies the graded Jacobi identity we have 

and therefore {d^ , 6-^} = 0. 

The conditions {d )'^ = {d )'^ = are obvious and for the last equalities we use that 
d^ = 5^ + JP_ and d?-* = —ff- + 0„ , so, for example 

{d^, d^} = {6^ + 0^, d^} = {0^, d^} = {0^, 0^} + {Ip", Ipl) = i A^ + 0. 

D 
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Since (d-^)^ = 0, one can also study its cohomology. Not surprisingly, we have the 
following corollary to Theorem 5.10 

Corollary 5.18. Let A^i be the Laplacian of cf' . Then 

A,i = A^. 
Proof. Indeed, since d?' = 5^ + l])_, then d?'* = —5-^ + Ip_ and we have 

A,x = {d^d^*} 

= {5^ + 0^,-^ + 0^} 
= -{5^5^} + {0^,0^} 
= A^ 

where in the fourth equality we used Corollary 3.4, in the fifth we used that 5^ = —6^* 
and Proposition 5.3 and in the last equality we used Theorem 5.10 D 

In light of Lemma 5.17, there seems to be no analogue of the dd'^-lemma in the SKT 
setting as we do not have enough operators satisfying the correct relations. Yet the operator 
5 can be useful in a different context, as we explain next. In [17], Grabowski showed that 
a generalized complex structure is equivalent to a tensor J G r(A^TM) = r(5pin(TM)) 
acting on forms via the spin action on spinors and for which the following relation holds 

{{d'',J],J} = -d^. 

One can see where this comes from: for a generalized complex structure we define d'^ = 
{d^ ,J} = —i{d — d) and hence {d'^ ,J} = {—if'{d + d) = —d^. So this equation includes 
simultaneously the fact that J = —Id and the compatibility between J and d^ , i.e., 
the integrability condition. Further, it is phrased in a way which allows one to work with 
generalized complex structures in the framework of super geometry. 
In our setting we can find a similar condition: 

Theorem 5.19. Let {M'^"',H) be an oriented manifold with 3-form and Q he a generalized 
metric on M . A tensor X € r(A^V4-) C r(A^TM) is an SKT structure if and only if 

{{d'',i},i} = -iDl, (5.11) 

Proof. One implication is easy. If X is an SKT structure. Then {d^ ,T} = —i{d^ — 6^) 

and {{d^,I},I} = {-i)HS^+J^) = -Ipl. 

The converse requires a little more effort. We start with a pointwise argument. Since 
X € r(A^TAf ) = r(spin(TM)), it acts on forms, thought of as spinors, in a skew symmetric 
way (with respect to the Chevalley pairing). Since X € r(A^V+), Lemma 1.5 implies that 
-kX = X-k which means, firstly, that X preserves the spaces Q.^{M) and secondly that X 
is skew-symmetric with respect to the metric on forms induced by the Hodge star (1.2). 
Therefore, the Clifford action of X on forms is diagonalizable and its eigenvalues are purelly 
imaginary numbers. We denote the iA-eigenspace of X by W . 
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Similarly, there is a bundle endomorphism of TM associated to Z given by 

Iv = {i,v}, veTM. 

using again that I € r(A^V+), we conclude that if f G V-, then Iv = {2^, f} = 0, and 
if w G y+ then Iv G V+. Further I, as an endomorphism of V+, is skew symmetric 
with respect to the natural pairing which is positive definite on V+. Hence I is also 
diagonalizable and has purely imaginary eigenvalues. 
If V is an i^u-eigenvector of Z and p G W'^ , then 

Z{v ■p) = {Z,v}-p + v (Zp) = (Zv) ■ p + v- (Zp) = {p + X)iv ■ p, (5.12) 

that is, the eigenvectors of Z map eigenspaces of Z to each other. 

Next we use a local argument. Notice that the eigenvalues of X and of X may vary from 
point to point and hence the eigenspaces are not necessarily vector bundles, as there may 
be a locus in which generically distinct eigenvalues coincide. So, in what follows, we only 
consider an open set where the eigenspaces are actually vector bundles and denote by W 
the space of sections of the eigenbunde corresponding to eigenfunction iX. 

Let p £ W be, say, a (locally) nonvanishing SD-form and decompose d^ p into com- 
ponents: 

where pf^ G W^^ H il±(M), so that 



M 



Then 

{{d^,Z},Z}p = {Z^d^ - 2Zd^Z + d^Z^)p 

= Z^d^p - 2iZd^{\p) - d^{\^p) 

= Z^d^p - 2iZ{dX A p) - 2i\Zd"p - 2\d\ Ap- \^d" p 

= Z^d^p - 2i\Zd"p - X^d^p - 2i{ZdX) ■ p - 2i{dX) AZp- 2\d\ A p 

= Y,i-P' + 2/uA - X')ip+ + p-) - 2t{Zd\) ■ p 

= -Y^{p-\f{p+ + p-)-2i{ZdX)-p 

and since X : TM — > y+, 2i{ZdX) • p is an ASD-form, hence the SD and ASD parts of the 
equation above are 



({{d^,X},X}p)+ = -^(p-A) 



v.- 



({{d^,X},X}p)_ = -2z(XdA) • p - Y,iP - A) 



%■ 
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Hence, condition (5.11) is equivalent to 

J^(^-A)V+=0, (5.14) 

2i(ZdA)-/5 + ^(^-A)V^=^p;. (5.15) 

the first equation implies that the only value of fi for which /oT^ may be non zero is ji = X 
and hence it follows from (5.13) that lp_p = p^, that is 

0^ : W^ ^ W^. (5.16) 

Equation (5.15) has more implications. Firstly, if we denote the component of dX in the 
iz^-eigenspace of X by (dX),^, then for u ^ ±1, taking projection of (5.15) onto W ^ '^ we 
obtain the identity 

-2u{dX)y ■ p + i^Va+j. = Px+u 

and for I' / it 1 we get 

2v{dX)u 
P^+- = ^2_i ■ P- 

In particular, we see that for u ^ ±1 the component of d^ p in W '^ '^ depends tensorially 
on p G W^^. 

On the other hand, since d^ (fp) = dfp + fd^p, if we project this onto W^ ^^^' we get 

^^^ • fp = {d"{fp))x+, = idf), ■ p + f{d"ph+, = (df), . p + /^^^ . p. 

That is {df)i, must annihilate p £ W n Q^{M) for every u j^ ±1. Since this holds for 
every A, and the same argument can be used when p is an ASD form, we conclude that 
{df)i, annihilates all forms and hence must vanish if i/ 7^ ±1. Therefore I\v+ has only zizi 
as eigenvalues. This means that the eigenspaces of Z actually form a subbundle of V_|_ ^ C 
and Z is a complex structure on V+. Since the action of Clif(TcM) on forms is transitive 
and the only eigenvalues of X are and ±i we conclude from (5.12) that the the eigenvalues 
of Z differ by imaginary integers and since X is real, complex conjugation swaps W with 
W~ , hence the eigenvalues of I must be either all of the form ik or of the form i{k + 2) 
for A: £ Z. Either way, the eigenvalues of X are constant, 2X = k for some A; G Z and (5.15) 

DGCOmGS 

Adding this to (5.16) we obtain 

^H .^k ^ yyfc+2 ^ ^y^fe ^ y^fc-2^ 

showing that X is an integrable SKT structure due to Theorem 3.3. D 

Corollary 5.20. A generalized Kahler structure is a generalized metric Q and two tensors 
X± G r(A2V±) such that 

{{d^,X±},X±} = -0f, (5.17) 
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6 Instantons over complex surfaces 

Next we use the techniques developed in this section to provide an alternative description 
of the SKT structure on the moduli space of instantons of a bundle over a complex surface. 
The tool used to describe this structure are extended actions as introduced in [3] and the 
SKT reduction theorem as presented in [7]. The argument presented here follows closely 
the one from [4], so we will spare details and refer to that paper for further reading. 

Let {M,[g],I) be a compact complex surface with a conformal Hermitian structure. 
By a result of Gauduchon [15], there is a representative g of the conformal class which 
makes {M,g,I) into an SKT manifold, i.e., the corresponding Hermitian form uj satisfies 
dd'^oj = 0. We let H = (Fuj and consider TM endowed with the ff-Courant bracket, so 
that the metric 

and the complex structure on V4- induced by / via the isomorphism vr : V+ — > TM are a 
positive SKT structure on TM. 

Given a bundle E over M with a compact Lie group G as structure group and Lie 
algebra q we let A be the space of all g-connections on E endowed with the trivial 3-form, 
so that A is an affine space isomorphic to space of 1-forms on M with values in the adjoint 
bundle qe, f^^(M; qe)- Hence at any connection D we have T^A = rj^(M; qe) and, letting 
K be a bi-invariant metric on G, we can use k to identify T^A = ^'^{M;qe)- Indeed, for 
X G D,^{M;qe) and ^ G Q^{M;gE) we define the natural pairing as 

i{X) = 2 f k{X,0. 

J M 

Then for X,Y & ^^{M;qe) and ^,7? G VL^{M;qe) we have 

(x + ^,y + 7?)= / K(x,7?) + K(y,o= / K{x,r^)-K{i,Y)= [ K(x + e,y + ??) 

Jm Jm Jm 
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where K,{-,-)ch indicates that one uses k to pair elements in qe and the Chevalley pairing 
on forms to obtain a top degree form. 

We denote by G the gauge group of E and by g = ^^{M^qe) its Lie algebra. The 
infinitesimal generator corresponding to 7 G QP{M;qe) at a point Z) G A is just the vector 
D7 G r2^(M; Qe) and we can extend this action to form a lifted action as in [7]: 

$:O°(M;0b) ^TA $(7)|d = 1)^7 = 1^7 + iZ A 7, 

as long as there are no infinitesimal symmetries, i.e., as long as D : Q^{M;qe) — > 
^^{M;qe) has trivial kernel. Therefore, from this point onwards we only consider con- 
nections for which D : ^^{M;qe) — > ^^{M]Qe) has trivial kernel. If £■ is a simple 
SU{n)-hundle then that is the case for all ASD connections. 

Next we add a moment map to this action. Our (equivariant) moment map takes values 
on the G-module [}* = Q'^{M; g^;), the space of self-dual 2-forms: 

^■.A^nliM;QE) /xp) = (Fz))+, 
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where F^ is the curvature of the connection D and (■)+ indicates projection onto the space 
of self dual forms, ^*^_{M;qe), which, for 2-fornis in 4 dimensions, agrees with the usual 
self dual 2-forms. If we let a be the sum g © f), a becomes a Courant algebra if we endow 
it with the hemisemidirect product: 

[(7i,Ai),(72,A2)l = ([71, 72], 71 • ^2)- 

Then the maps \I' and /i together give rise to an extended action given infinitesimally by 
map of Courant algebras: 

*:a^r(TA) ^{j,X)\d = D^j + d{fi,X). 
We notice that r!.^{M;QE) + ^\{M;qe) is isomorphic to fl.'^{M;QE) via the map 
7 + A^7 + A + *7, 7e ^°(^; 0b), A G !^^(M; qe), 
so we can use a = CI'^{M;qe) and then the extended action is given simply by 

^ : n''^{M;QE) -^ ^°\M-qe) ^{a)\D = D^'a. 

Following the reduction procedure, the reduced manifold, M., is obtained by taking the 
quotient of /x~^(0) by the action of the gauge group. In this case, //"^(O) consists of the 
space of anti self-dual connections and hence ^A is simply the moduli space of instantons. 

The reduction procedure also produces a specific Courant algebroid over the reduced 
manifold. Namely, if we let IC be the bundle generated by ^(0) and K-*- its orthogonal 
complement with respect to the natural pairing, then the space of G-invariant sections of 
IK-'-/]K over /i^^(O) inherits a bracket and a nondegenerate pairing which make the quotient 
bundle (K^/Kj/G into a Courant algebroid over M.. Notice that at a specific anti self- 
dual connection D, K is the image of il^''(M;gij) by D" . If we let D^ : Q.°<^{M]Qe) — > 
Q'^^{M]Qe) be the composition of D with projection onto the SD-forms, then a simple 
integration by parts shows that ]K^|/) is the space of L':^-closed forms and hence the 
reduced Courant algebroid is the degree one cohomology of the following elliptic complex: 

{0} -^ f)-(M; qe) ^ fi°'(M; g^;) % f7-(M; g^) -^ {0}. (6.1) 

In a way, this is the double of the usual elliptic complex describing the tangent space 
to M: 

{0} -^ f]0(M; qe) a n\M- qe) ^ nl{M; qe) -^ {0}. (6.2) 

Earlier we added the assumption that (6.2) above has no cohomology in degree zero. From 
now on we also add the assumption that this complex has no cohomology in degree two, 
so that D corresponds to a smooth point in A4 and hence the dimension of A4 is given by 
the index of D, which is a topological invariant due to the Atiyah-Singer index theorem. 
Further, in this case, the cohomology of (6.1) also concentrates in the middle term: 

rrod ,.. ^ _ kcr (UJ^ : Q°^(M; g^) ^ ^^^.-(M; g^) 
Hj,u{M,QE) - j^^^^ _ ni-{M;QE) -^ nod{M;QE)- 
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Since M has an SKT structure, we can also endow A with an SKT structure. Firstly 
we let -k be the generalized metric: Indeed, in four dimensions -k^ = Id, spin invariance of 
the Chevalley pairing means that -k is orthogonal (in even dimensions) and by design we 
have (c.f. (5.1)) 

((^,*99) = / K{^,^^)ch > 0, for if e n°'^{M;9E)\{0}, 

Jm 

so * is a generalized metric and for this metric V+ is the space of SD odd forms, i7^(M; qe) = 
(>V2 ^ yy-2) p o°'^(M;0i5), and V- is the space of ASD odd forms, n?^{M;gE) = W° n 
n°''{M;QE). 

■n-Z 

For complex structure, we let I = e 2 as in Lemma 1.10. Then that same lemma 
implies that l'^\v+ = — * = —Id. Since this structure is independent of the point I? € A, it 
is constant and hence integrable. The spaces Vj^' and V^' can be easily described: since 
Z = I on W^^ we have y+'° = W^r\ n°'^{M; qe) and V^'^ = W'^ n Q°'^(M; qe)- 

Further, since both -k and I are constant and the gauge group acts by translations on 
each of its orbits, this SKT structure is invariant by the action of the gauge group. Now, 
we are in position to use the SKT reduction theorem: 

Theorem 6.1 (SKT Reduction Theorem [7]). Let $ : a — > r(TA) be an extended action 
with moment map fi preserving an SKT structure {Q,I) on A as above and let P = ij,~^{0). 
If the underlying group action on P is free and proper and is a regular value of the moment 
map, then Mred = P/G is smooth and the SKT structure on A reduces to an SKT structure 
on Mred if and only i/K fl V+|p is invariant under I. 

As we observed earlier, at a point Z) € A, K corresponds to the Di^-closed odd forms 
and hence K-*- n V^ corresponds to the L':^-closed SD odd forms, that is the SD, D^- 
harmonic odd forms and hence according to the theorem to prove that the moduli space 
of instantons inherits an SKT from M, we must prove that the space of SD, D^-harmonic 
odd forms is invariant under I. To achieve this, one must develop Hodge theory for forms 
with coefficients. In this case, the condition that the connection is anti self-dual, allows us 
to achieve the result. 

Indeed, similarly to the flat case, we can split D as a sum of three operators: 

^JV . yyfc ^ yyfc+2 ^ ; W*: y y^^-"^ Ip^ : W^ > W^ . 

Indeed, locally D^ = d^ + A, for some A € ^^{M;qe) and hence the splitting of d^ 
together with the splitting of A into its V^' , V^' and VL components gives the desired 
decomposition of D . Just as in Section 5.2, integration by parts gives that {5^)* = —5^ 
and Ip"* = Ip'l. 

Now, let ^p € (W^ ffi W"^) n Q.°'^{M;qe)- Then the D-^-Laplacian computed on Lp is 
given by 

= 2(0^)V 

42 



Hence the Laplacian leaves the spaces W nO°'^andVV~ n $7°*^ invariant. Therefore we can 
decompose the space of harmonic SD odd forms into two spaces T-L = ker(A/f ) n W . 
I acts as multipHcation by i on W and by —i on W~ , so either way it preserves the 
intersection ker(A/f ) n W and hence it preserves the space of SD harmonic odd forms. 
According to Theorem 6.1, this means that the SKT structure from A reduces to an SKT 
structure on M. so we have re-obtained the fohowing result, originally due to Liibke and 
Teleman [28]: 

Theorem 6.2. Let (M, /, [g]) he a compact conformal Hermitian 4^-manifold, let E he a 
hundle over M whose structure group is compact with Lie algehra Q and let qe he the 
adjoint bundle over M . Let Ms be the quotient of the space 

P={DeA: {Fd)+ = 0; H%{M;qe) = HI{M;qe) = {0}}, 

hy the action of the gauge group, i.e., Ms is the smooth locus of the moduli space of 
instantons on E. Then Ms has an SKT structure induced hy the unique SKT structure 
on M in the conformal class [g]. 

7 Lie algebroid differentials and other operators 

Lie algebroids occur naturally in generalized geometry. Notably, if J7 is a generalized 
complex structure and L its +i-eigenspace, then L is a Lie algebroid and the corresponding 
degree two Lie algebroid cohomology, H'^(M; L*), governs the infinitesimal deformations of 
J'. As we will see next section, similar claims also hold in the SKT case, so it is particularly 
relevant to develop the theory of Lie algebroids related to SKT structures. However, since 
some of the generalized complex structures we consider are not integrable, some bundles 
we encounter are not Lie algebroids. Yet some of those "not Lie algebroids" are important 
in the study of deformations, so we must develop the relevant part of the theory of these 
spaces as well. 

7.1 Lie algebroids 

In this section we introduce two natural Lie algebroids: one associated to an SKT structure 
and one to a generalized complex extension of an SKT structure. Then we study the 
relation between the differential operators defined in the previous section and the natural 
operators defined on these Lie algebroids. 

If (M, H) has a positive SKT structure (Q,I), by definition V^' is involutive, hence it 
is a Lie algebroid over M. Further V^' can be identified with the dual of V^' using the 
natural pairing, which is nondegenerate on V+, hence we get a corresponding differential 

d+ : T{a''V^'^) -^ r(A'=+V_|''^). (7.1) 

Similarly, given a generalized complex extension J'l of an SKT structure, Li, the +i- 
eigenspace of J'l, is also a Lie algebroid and we get a differential on the exterior algebra 
of the dual di^ : T{A^L^) -^ r{A^+^Ll) 
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Since J 2 = QJ\ commutes with Ji^ it preserves the eigenspaces of Ji and hence 
gives rise to a complex structure on Li. In fact, it sphts Li in two subspaces of complex 
dimension n: Vj^' = Li n y+ and Vj = Li n y_, hence A'Li gets a bigrading: 

Proposition 7.1. Let J\ he a generalized complex extension of a positive SKT structure. 
Then 

dL, : r(A^''I7) -^ r(A^'+i''ITe A'^'^+^ITe a'=-1''+2I7) 

Further, 

• The component 

M = ^fc-i,/+2 o dL, : t{a''''l-,) -^ r(A'=-i''+2LT) 

corresponds to the Clifford action of the Nijenhuis tensor N € T{a'^V_' (8 V_^_' ) 
introduced in (3.2); 

• The component 

vrfc+1,0 o dL, : TiA'^'^^Ll) -^ r(A'=+i'OIT) 

corresponds to the operator 5+ introduced in (7.1). 

Proof. Since V^' is involutive and A^'^Li = V_' is the space of forms annihilating V^' 
in Li, we have 

dL, : r(AO'iLT) ^ r(AO'2l7 e a^'^l^). 

On the other hand, there are no hypothesis about integrability of y_' , hence 

dL, : r(Ai'0I7) -^ r(A°'2I7 © A^'^ir e a^'^lI). 

Using the Leibniz rule, we have 

dL, : r(A^''I7) -^ r(A'=+i''I7e A'=''+iI7e a'=-1''+2I7). 

One can easily check that TV is just the Nijenhuis tensor corresponding to the complex 
structure J'2\li, i-e., 

M(£a'^v°'^0vI'°, N'ix,Y) = -ix,Yj+, for anx,y Gr(yi'°), 

where •+ indicates projection onto V^ and this is precisely how the operator N introduced 
in (3.2) is defined, hence these two operators agree. 

Finally, for a G r(A'^''^Li) = T{a''V_^_' ), 7^k+i,o ° d^^a is determined by its values on 
k + 1 elements fo, • • • ,Vk ^ K4.' : 

{T^k+i,o°dL^a){vQ,--- ,Vk) = {dL^a){vo,--- ,Vk) 



+ '^{-'^y^^a{lvi,Vjj,vo,- ■ ■ ,Vi--- ,Vj,--- ,Vk) 



«J 



= {d+a){vo,--- ,Vk), 
where we have simply used the definitions of the operators dii and 5+. D 
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This allows us to define operators 



5+ : TCa'^-'Li) ^ r(A'=+i''Li); 

5_ : r(A'=''LT) -^ r(A'=''+^IT); 



and the condition d'j^ = gives: 

Corollary 7.2. Let (9+, d- and Af be the operators defined above. Then 
dl=M^ = and d^_ = -{5+, AA}. 

Finally, the operator d-Li is related to the operator dj-^ via (see [21, 27]), 



So, if we take a G r(A ' Li) and (p G Z//^''' we can split the equation above in three 
components which give the following relations: 

Proposition 7.3. For a G T{^^'Ll) and v? G Q.*{M;C) we have 

{6+,a] ■ip = (d+a) ■ ip; 

{6-,a} ■ip = (d^a) ■ 99; 

{N,a}-ip = M{a) -if. 

7.2 Further operators 

Proposition 7.3 relates the Lie algebroid operators to the graded commutator of the action 
of an element a G r(A*Li) and the operators (5+, 5- and N. In an SKT manifold, one 
can define more operators that can be obtained this way but which do not come from Lie 
algebroids. The reason to consider such operators will be made clear next section when 
studying the deformation and stability problem. There we will see that the correct bundle 
to consider is L2, the +z-eigenspace of J' 2- Since L2 is not a Lie algebroid we are forced 
to consider differential operators associated to brackets which do not satisfy Jacobi, and 
hence do not square to zero, but we don't let this mishap dampen our sentiment. 

As before, we let J'l be a generalized complex extension of the SKT structure and 
inspired by Proposition 7.3 we define 

d± : Clif(TcM) -^ Diff (!^*(M; C)) d±a = {5±, a}; 
d± : Clif(TcM) -^ BiS{n'{M; C)) d±a = {5±,a}; (7.2) 

M : Clif (TcM) — > Clif (TcM) Ma = {N, a}; 

where Diff(0*(M; C)) is the vector space of differential operators on forms which is itself 
a Z2-graded Lie algebra with graded commutator as the bracket. 

We denote r(A'^''-L2) = r(A V^' ® AV_' ). Next we summarize the main properties 
of these operators. 
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Proposition 7.4. The restriction ofN" to A'L2 vanishes and 

d+ : r(AV+'^ a'W'° «) A™y°'^) -^ r(A'=+V^'^ «) AVi'° «) A"y3^); (7.3) 

a_ : r(A^''I^) ^ r(A^''+iI^). (7.4) 

Further, the following relations and their complex conjugates hold: 

dl = -{Jf,d+}; {Ar,9_} = 0; {9_,a+} = 0; {0+, 9_} = -{9_, AT}; 

Proof. The relations between the operators follow from the corresponding relations for 
5+, 5- and N and the fact that the vector space of operators on forms are a Z2-graded 
Lie algebra with Lie bracket given by the graded commutator of operators. If we let 
a G Clif(TcM), using the graded Jacobi identity we have 

{d^, {d^, a}} = {{d^, d^}, a} - {d^, {d^,a}} = -{d", {d",a}} = 0, 

where we have used that {d^,d^} = 2{d^)'^ = 0. Hence, splitting d^ into its six com- 
ponents, taking a G r(A^V+'° (g) a'^V^'^ ® A'y_!'° ® A^V:^'-^), applying this operator to 
elements in lA^''^ and imposing the vanishing of the different components of the result we 
get the relations stated in the theorem. For example the vanishing of the component in 

^p+(j-k)+(l-m)+2,q+(j-k)-(l~m) g-^^g 

{5_,{5+,a}} + {^+,{5_,a}} + {^_,{7V,a}} + {7V,{5_,a}} = 0. 

That is 

d-d+ + d+d- + d-JI' + JTd- = 0. 

Which is the same as 

{a+,9_} + {9_,Ar} = o 

Since N G r(A^L2) and L2 is isotropic, {N,a} vanishes for every a G r(A*-L2). 

Next we will prove that (7.3) and (7.4) hold. Firstly, we prove that when restricted to 
the domains indicated in (7.3) and (7.4) 9+ and d- actually take values in the Clifford 
algebra of TM. Indeed, for a G Clif(TM), if G U^''^ anc^/ G C°^{M) we decompose df 
into its V_^_' , V_^_' , V__' and V_' components, say, 5+/, 5+/, d^f and 9_/, respectively 
and compute 

{d^,a}(/v^) = d^a/v?-(-l)l-lad^(/VP) 



df Aaip + fd^a ■ 99 - (-l)f"la(d/ A 99 + fd^if) 
(a_/ + 5_/ + d+f + d+f) ■ aif + fd^'aif 
(-l)l-la((a_/ + 9_/ + 9+/ + 9+/)-<^ + /ci^(^). 
/{d^aJVP + (a_/ + 5_/ + 9+/ + d+f) ■ a^ 
(-l)Ha((9_/ + 9_/ + 9+/ + 9+/).(^). 

46 



(7.5) 



If a G r(A*^y^' (8) a'VL' <8> A"^V__' ), then 5+/ graded cominutes with a and hence if we 
compose {d^ ,a} with the projection onto ^p-^+'-'^-i.^-'^-'+m-i ^e have 



7V-iip — k-\-l — m — l,q — k — l-\-m.- 



-1 O {d^, a} : UP^I -^ l^p-k+l-m-l,q-k-l+m-l 



is C°°-Unear, that is, it is a tensor. Further, using the decomposition d^ into its six 
components, as in Theorem 3.6, we see that the tensor above corresponds to: 

d+a = {^+, a} : W^'' -^ ^p-k+l-m-l,q-k-l+m-l 

Since the action of CUf (TM) estabhshes an isomorphism between Chf (TM) and the space 
of endomorphisms of A'T*M, the tensor 9+a corresponds to an element in Chf(TM): 

d+ : T{a''v!1'^ <» ^^^-° ^ A™"/''^) -^ CHf(TcM) 

Similarly, if we require a to lie in r{A^''-L2) the same argument gives us the result for d-. 
Indeed, in this setting, d-f also graded commutes with a in (7.5), hence we get another 
tensor, this time by composing {d^,a} with the projection onto i^P-k+l-m+i,q-k~l+m-i ^ 
that is, we get 

d- : r{A'''^L) -^ Clif(TcM). (7.6) 

Now we deal with d-^-. 

Lemma 7.5. Let (M,Q,Z) be a positive SKT manifold and ^7 be a generalized complex 
extension of the SKT structure. The vector bundle V_' is a representation of the Lie 
algebroid V_^' if endowed with the connection 

V : T{VI'° W'°) -^ T{V1\ V,w = 7Ty^,o{lv,w}), 

where v £ r(V"_|_' ) and w G T(y_' ). That is, for i),z;i,f2 £ r(yj_' ), w & T{V_' ) and 
/ G C°°{M) we have 

V/^ti; = fVyW, Vyfw = {C^^(^j,)f)w + fVyW 
Vt,iVi,2 - Vv^Vv^ — V|^j^^2] = 0- 
Proof. The first two identities follow from basic properties of the Courant bracket: 

VfyW = 7ryi,o{lfv,w}) = Tryi,o{flv,wj - {C^^(^^)f)v) = 7ryi,o{flv,wj) = fV^w. 

Vvfw = Tryi,o{lv,fw}) =7ryi,o{flv,w} + {C^^i^^)f)w) = fVyW + {C^^(^y)f)w. 



Now we prove flatness. Let us first consider the term V^^V^jjio. We decompose 1^2,^1 

the decomposition Li = V^' 



into two components, according to the decomposition Li = V^' © V_' and Vy^'^ is the 
component in y_' : 



Since F, ' is involutive, we see that 



W 1,0t1 ^ -r^l,0 
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Hence the V_' component of |wi, V^jjit^] is the V_' component of [fi, [t;2,'W^]l, that is 

Vy^V^^W = TTyi,o{lvi,lv2,w]j). 

Therefore we have 

where in the last equahty we used the fact that the Courant bracket satisfies the Jacobi 
identity. D 

Since V is a connection on y_' , we can extend it to the exterior algebra oi V_' : 

V : r(A'=W'°) -^ r(y{''^ (g) a'^W'^); 

V^a = {v, Va} for all v G r(F^'°). 

Lemma 7.6. For a G T{A V_' ) we have 

d+a = Va. 

Proof. Indeed, we check that when paired (i.e., graded commuted) with an element v G 
r(l/)_' ) these two operators give the same result. Unwinding the definition of 9+, we 
have that for ip G U^''^ {v,d+a}(p is the Z^p+'^''J~^ component of {v,{d^ ,a}}(p. For a 
decomposable, a = ai A • • • A a^ we have 

{v,d+a}(p = -7T^p+k,q-k{{v,{d^,ai A--- Aak}}(p) 

k 

= TTifP+k,q-k (^ ai A • • • A [-u, QjI A • • • A ak^p) 
1=1 



^ Qi A • • • A TTyifi {v, aj A • • • A ak^p 



i=l 
k 



y^ ai A • • • A {v, Vqj} a • • • a akP 



i=l 

= {v,Va}ip, 

where in the second equality we used that the Courant bracket is the derived bracket asso- 
ciated to d hence the commutator becomes a Schouten-Nijenhuis type bracket between 
the sections involved. 

Since dj^a and Va are both elements in Clif(TcM) we have just established that their 
difference lies in the annihilator of Vj^' under graded commutator, that is 

Va - d+a G r(A'y+'° «) A'F„). 
And we have that when acting in lA^''^ 

Va - d+a : U^^'' -^ ^P+fc-i,9-fc-i ^ y^;P+9-2 

as individually both d+a and Va have this property. On the other hand, elements in 
aV+'° (g) A™y_ map W^'i C >VP+« into >VP+''+', so the difference Va - d+a vanishes and 
the result follows. D 
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Proof of (7.3). Now, let a^^'' G r(A'=yf'^ (g) A'y°'^) = r(A'=''Li) and a™'° G r(A™W'°). 
Then for a form (/; we have 

"o / fc.i m,0\ fT fc.i m,Oi 

c/+(a ' a_ ) ■ ip = {d+,a ' a_ ftp 

= ((9+a'^' V° + (-l)^+'a^''(9+a"'°))v9. 

According to Proposition 7.3, (a+a'''Oa!''° G r(A''+V+'^«)A'y°'^(8)A'"yi'°) and, according 
to Lemma 7.6, a^''(5+a™' ) also belongs to this space, hence we have proved (7.3). D 

Proof of (7.4). Since L2 is maximal isotropic, A*L2 C Clif(TcM) can be characterized as 

A'l^ = {/3 G Clif (TcM) : {/3, u} = for ah v G I^}. 
Now, given a G r(A'^''L2), we already know that 

d-a : UP''^ -^ ^p^k+i+i,q-k-i-i ^77^ 

so to prove that d-a G r(A'^''"'"^L2) it is enough to prove that d-a G r(A*L2) as the only- 
elements in r(A'L2) with property (7.7) are those in r(A^''+^L2). So, for a G r(A'^''L2), 
V G r(L2) and ip G U^''^ we compute 

{d-a,v}ip = {{5-,a},v}^ 

= TT^p-k+i,q-k-i-2{{{d ,a},v}ip) 

= ±7rjjp-k+i,q-k-i-2{la,vjsN^) 
= 0, 

where in the third equality we used that L2 is isotropic, and hence the derived bracket 
is just the extension of the Courant bracket to a Schouten-Nijenhuis-like bracket and in 
the last equality we have used that we have used that the Schouten-Nijenhuis bracket has 
degree —1, hence it maps {v,a) G L2 x a'^''L2 into Clif "^ (Tc-M) and hence it can not 
map UP''' to uP-k+i,q-k^i-2 j^g elements in Clif^'(TcM) can only change the first and the 
second index of the bigrading of forms (the 'p' and the '(;') by at most zizj. 

n 

As a consequence of Proposition 7.4, we see that although L2 is not a Lie algebroid, we 
can still define some cohomology there using 9+. 



Definition 7.7. Let {G,I) be a positive SKT structure on a manifold with 3-form (M, H) 
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and ^ be a generalized complex extension of T. The d^-cohomology in L2, H^'*(M;L2), 



is the quotient 



H^'\M;L2 



— , _ ker(a+ : r(A^''L2) -^ r(A^+^-'L2)) 
Im (d+ : r(A'=-i''I^) -^ r(A^'''I^ 
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Finally we observe that all the operators we have studied in this section where obtained 
with the help of a generalized complex extension of the SKT structure, so, they are not 
intrinsic to the SKT structure. Yet, one could follow the same road and define 

^ : Clif (TcM) -^ DiS{n'{M; C)) d^a = {6^, a}; 

d_ : Clif(TcM) — > Diff (0*(M; C)); d_a = {0_, a}. 

By choosing a generalized complex extension to I, the decomposition 6^ = 5+ + A^ and 
Ip_ = 6- + 6- we see that 

And as a consequence of Corollary 3.4 and Propositions 7.3 and 7.4 we have 

Proposition 7.8. Let {G,I) be a positive SKT structure on a manifold with closed 3-form 
(M, H) . Then the operators o^ and d- satisfy 

(^)2 = 0; {5?,d_} = 0; {af,^} + d2_=0; 

and 

df : r(A'=yf'^ ciif(y_)) -^ r(A'=+V_f'^ ® ciif(y_)); 
7.3 Representations 

We finish our study of Lie algebroids and related objects associated to an SKT structure 
this section with some remarks about representations of the Lie algebroid V^' . 

Firstly, it is worth pointing out that projection ttt ■ V_^' — > TM has as its image 
T^'^M, the +z-eigenspace of the complex structure introduced in Proposition 3.5 and hence 
V_^_' is isomorphic to T^'^M as a Lie algebroid and a representation of one is the same as 
a representation of the other. Of course representations of T^'^M are simply holomorphic 
bundles endowed with a holomorphic connection (in fact, the connection determines the 
holomorphic structure), so one may just as well replace the words "representation of V^' " 
by "holomorphic vector bundle". 

In Lemma 7.5 we saw that V_' is a representation of V^' . In the proof we have used 
the fact that Ji is integrable, but that is not entirely necessary and in fact V_' is also a 
representation of V_^' . 

Proposition 7.9. Let {M,Q,I) be a positive SKT manifold and J be a generalized complex 
extension of the SKT structure. The vector bundle Vj is a representation of the Lie 
algebroid V_^' if endowed with the connection 

V : r(y;'° ^ y°'^) -^ r(y°'^); v> = vr^o.i (b, wj), yv e r(y^'°), u; g r(y^'^). 
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Proof. The proof that V is a connection is the same as that given for V in Lemma 7.5. 
So we only prove flatness, i.e., 

V;, V;^ - V;^ V;^ - V'j,^_,^j = O for all VI, V2 G r(y^'°). 

Again, we first consider the term V^^V^^^- We decompose [v2 5'"^I ™to four components, 
according to the decomposition TcM = V_^_' © V^' © V_' © V_' . Since the failure of 
-L2 to be involutive with respect to the Courant bracket is given by the Nijenhuis tensor, 
A'" G V_^_' (8>A^y_' , we see that the component of [^^2, it'l outside L2 is given by —N{v2,w) £ 
V_' , so [[t'2,w^] has only three components and V^^^ i^ the component in V_' : 

lv2,wj = uY + V',^w-N{v2,w), u^ E T{VI'''). 

Since Vj^' C Li and Li is integrable, we have that 

lvuu]^''-N{v2,w)jeLi 

hence the V_' component of |ui, V^^^l i^ ^^^ ^-' component of {vi, lv2,wJl, that is 

V,y,^w = Try0,i{lvi,lv2,wjj). 

Therefore we have 

v,y,^w - v,y^w - v[,,^,^jw = TTyoAlvi, b2,m - 1^2, bi,«;ll - ibi,t;2l,t^l) = 0, 

where the last equality follows from the Jacobi identity. D 

Finally, V-(g)C ^ T^M itself is a representation of F+'°. Of course, F-OC = Ia['°©T/^'^ 
and since both summands are representations of V_^' , so is the sum. Yet, the natural 
connection one should consider on y_ (^i C is not the sum of the connections, but it should 
also include the Nijenhuis tensor of J^2- This is also Bismut's "exotic holomorphic structure 
on TcM" [2]. 

Proposition 7.10. Let (M,Q,I) be a positive SKT manifold. The vector bundle y_c = 
V- ®C is a representation of the Lie algebroid V_^' if endowed with the connection 

V- : r{Vl'%V-c) -^ r(y_c); V,w = 7rv_^{lv,ujj), for all v G r(y^'°),w; G T{V.c). 

Further, if J is a generalized complex extension of the SKT structure, we can split V^c = 
V_' ® V_' and in this splitting V~ is given by 

where V is the connection introduced in Lemma 7.5 and V' is the connection introduced in 
Proposition 7.9 
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Proof. First we prove that in the presence of a generalized complex extension the definition 
of V^ agrees with the expression given in (7.8). Given v € T(y_^_' ), w^'^ E T(y_' ) 
and w^'^ G T{V__' ) we have that |t',t(;^'''] lies in Li by integrability of Ji hence its V- 
component is its V_' component which is, by definition, VyW^'^. 

Similarly, fv, w^'^J has three components, as established in the previous Proposition: 

hence, projecting onto V- we get 

and hence V~ is given by (7.8) 

Further, similarly to the previous case, we have that for wi,W2 €E r(y_^' ) 

lv2,w'''+w'''j = uf +V,^.i'0+V>0'i-iV(T;,tx;0'i) = nf +V-(u;i-°+u;0'i), uf € r(F^'°). 

And again, since V^' is involutive, we see that 

V^Ti V~ u; = 7ry_ (|wi, 7ry_ (1^2, u;])l) = 7ri/_ {{vi, [^2, w|]), 

and flatness of the connection follows once again from the Jacobi identity for the Courant 
bracket. D 

With these representations at hand, one can also see the operator 9+ as studied in 
Proposition 7.4 as an extension of the Lie algebroid differential 9+ : T{A^V_^_' ) — > 
T{A^^^V^' ) to take values on the tensor product of the exterior algebra of the flat modules 

V_' and Vj . Similarly, the operator d^ is the extension of the Lie algebroid differential 
9_(_ to take values in the representation from Proposition 7.10. 

8 Deformations 

One can consider at least three different deformation problems. In the most strict of them 
one flxes the generalized metric and asks for deformations of the complex structure on 
V+. For the second deformation problem, one flxes the Courant algebroid where the SKT 
structure is deflned and looks for deformations of metric and complex structure which are 
still SKT. In the third, and more general problem, one lets the Courant algebroid change 
as well, that is, if UJt is the 1-parameter family of Hermitian forms, one only requires that 
ddlujt = 0, but the cohomology class [d^Wf] is allowed to vary with t. 

Here we will consider the flrst two problems. In both cases, we want to find involutive 
deformations, V_^' ^ , of V_^' , in the first problem we require V_^' ^ to lie in V+, while in the 
second problem that condition is removed. Either way, as long as the deformation is small 
enough, the remaining SKT conditions, namely. 



and 



{v, u) > for ah V E 1/+'°^ y+ °^ v = v 

will still hold, since these are open conditions and hence if Vj^' is involutive, it defines an 
SKT structure. 
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8.1 First deformation problem 

The first problem is very similar to the problem of deformations of generalized complex 
structures. Indeed, since V+ is to remain fixed, any small deformation of V^' is still 
transversal to V_^' and hence can be described by the graph of a bundle map e : V_^' — > 

Since V_^' = (V^' )*, e is a section of 'S)'^V_' . Since V_^_' ^ is isotropic, we have that 
e £ r(AV_f'^)l. 

Theorem 8.1. Let {M,H) be a manifold with 3-form and {Q,'I) he a positive SKT struc- 
ture on (M,H). An element e G r(A^V^' ) of small norm gives rise to an integrable SKT 
structure I^ com,patible with the metric Q if and only if 



d-e = 0; 

1 „ (8.1) 

2' 



d^e + -le,e\sN 



where [•, ■\sN is the Schouten-Nijenhuis bracket extending the Courant bracket to r(A*V^' ). 
If >J is a generalized complex extension of the SKT structure, the equations above become 



Proof. For the deformation given by e G r(A y^_' ) C Clif(TcM) as above, the space of 

for 

to 



forms which annihilate V,' ^ , W", is given by W" = e ^-W" and integrability is equivalent 



d^ : wi ^ w^ e wr^- 



But, since y+ and V^ do not change under the deformation, elements in W" © W"^ are 
those which can be obtained from W" by the Clifford action of elements in V^ (X) Clif(y_) 
and W" = e~^ • W" , so the condition above holds if and only if for all 99 G W" there is 
a € F+ (g) Clif(y_) such that 

d^(e-' .^) = a-e-'-^ = e-'- {{ela) ■ if). 

And since e G A'^V_^_' ela £ V+ ® Clif(y_), as e^ only acts in the V+ part as a complex 
orthogonal transformation. Therefore, integrability of the deformed structure is equivalent 
to 

e'd"e-'{ip) = 5 • V9 for all ^3 E W", for some 5 G r{V+ O Clif(F_)). 

Now we can expand the operator on the left as a series: 

e'd'^e-^^) = d^ + [e, d^] + l[e, [e, d^]] + ^[e, [e, [e, d^]]] + • • • 
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The third term of the series is computed in terms of the derived bracket of e, with itself, 
that is, the extension of the Schouten-Nijenhuis bracket to sections of the Lie algebroid 



v'r': 



[e, [e,d^]] = {£,{£, d^}} = -{{6,(i^},e} = -le,e\sN G r(AV°'^). 



Since Vj^' is isotropic, all terms of the series after the third vanish and we have 



m-2 



Since the original SKT structure is integrable, we have that d^ : W" — > W" © W 
Splitting d^ = Ip"_ + 5^ +~5^ we have that [e, 5^] maps W" into W""^ So integrability 
of the deformed structure is equivalent to the requirement that the remaining terms also 
map W into W" © W"-^ 

Now notice that [e, 0^] : W" ^ W"^ while [e,(^^]-i[e,e]5jv : >V" ^ >V"-^ so for 
the deformed structure to be integrable, each of these maps must vanish. From Proposition 
7.8, these conditions are equivalent to the conditions presented in the statement of the 
theorem. D 

8.2 Second deformation problem and stability 

As we mentioned earlier, in the second deformation problem, one fixes the Courant alge- 
broid and looks for deformations of the SKT structure. Stated this way, the problem has 
an infinite dimensional space of solutions even after taking the quotient by the action of 
the diffeomorphism group. Indeed, from the classical viewpoint, an SKT structure is a 
Hermitian structure (g,/) for which dd'^oj = 0. For any / € C'^{M) we can consider a 
new Hermitian form: a; + edd'^f. In a compact manifold if we take e small enough this 
gives rise to new non diffeomorphic SKT structures on M still with 3- form d'^oj. In fact, 
more can be said about the set of deformations of an SKT structure which preserve the 
complex structure I. The author has learnt from Swann and Zabzine a small variation of 
the following proposition, which can also be found, rephrased, in [11]: 

Proposition 8.2. The set of small deformations of an SKT structure {g, I) which preserve 
the complex structure and the cohomology class [d^co] is parametrized by the kernel of the 
map 

d<^:n'^\M)^n^{M)/nl,,t{M). 

In particular there is a disc around the zero form in the set of closed 2-forms on M with 
nontrivial (1, 1) component, D C J7^j(M)/(r2^j' (M) + Q^i (-^)) which maps injectively into 
the kernel of the map above. 

Proof. The first claim is clear: a variation of the metric is equivalent to a deformation 
of the Hermitian form to = g o I and since I is orthogonal with respect to the deformed 
structure, w must change by a form B € i7^'^(M). Then the SKT condition gives 

d^iu; + B) = H + d^B, 

and since this is to have the same cohomology class as H, d'^B must be exact. 
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Now, given any closed 2-forni B, let B^''' be its component in 0,P'''{M). Then let 
oj = uj + B^'^. As long as B^'^ is small, nondegeneracy and positivity oi g = —uj o I still 
hold as those are open conditions. And finally, 

d%uj + B^'^) = H - idB^'^ + idB^^^ = H + idB"^'^ - idB^'"^ 
= H + d{iB'^'° - iB^'"^) = H + 2dIm{B'^'^). 

n 

The fact that one can so freely deform the metric and remain in the SKT category is a 
very useful phenomenon which, for example, allows one to blow-up complex submanifolds 
of SKT manifolds [13]. Yet, from the point of view of deformations, these seem a little less 
interesting than deformations which change the complex structure. 

Therefore it is natural to phrase the second deformation problem as a stability problem. 
In our setup, the direct translation of the classical question is as follows: Given an SKT 
structure {Q,I), Proposition 3.5 gives us an extension to a generalized Hermitian structure 
{Q,Ji) for which Ji is of complex type. Then one is interested in which deformations 
of Ji as a generalized complex structure of complex type give rise to deformations of the 
SKT structure. 

What we do next is phrased in slightly more general terms in order to accommodate 
other cases of interest. Our proof is inspired on the approach used by Goto to prove the 
generalized Kahler stability theorem [16]. 

Theorem 8.3. (SKT Stability Theorem) Let {Q,Ji) he a generalized Hermitian exten- 
sion of a positive SKT structure. Given J\e, an analytic family of deformations of J\ 
parametrized by a small disc D C C, e : D — > r(A^Li), we let 

e+ -.D^ r(AV^'^) 

e- -.D^ r(AV_°'^) 

he the components of e and for each of them let e* = J2T=i B^k^^ ^^ ^^^ corresponding 
series expansion. Then the ohstructions to finding a generalized metric Qe which makes 
{QeiJie) into a generalized Hermitian extension of an SKT structure lie in the space 
H-' (M; L2) and the first obstruction is the class [dsj -\-J\fe-^ ]. 

According to the deformation theorem for Lie bialgebroids [21, 27], a deformation of 
J'l is given by sections e(t) as above, which we will denote simply by e, satisfying the 
Maurer-Cartan equation and the corresponding deformed structure is given by 

Jle = hJlh ' 

where I^ is the real transformation which in the splitting T^M = Li © Li is given by the 
matrix 
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Since this matrix is not orthogonal with respect to the natural pairing, in general, neither 
is I^J^2le^ ^^'^ hence a complex structure on TM defined this way is not even an almost 
generalized complex structure. The first step is to translate this problem into deforma- 
tions using orthogonal transformations so that we can find an generalized almost complex 
structure J2e making J'l^ into a generalized Hermitian structure. 

Lemma 8.4. There is a map a : D C A^Li — > A^(Li © A'^Li)r, where D is a small disc 
around the origin and (•)« denotes the real elements in the vector space, such that for each 
e G r(A^Li), a{e) is the unique element in the codomain that satisfies 

Further a*|o(e) = — (e + e). 

Proof. Indeed, the space of generalized complex structures of the same parity as J'l on TpM 
is the homogeneous space SO (TpM) /Stab (J'l) = SO{n, n)/U{n, n). Hence, composing the 
exponential map with the projection 

so (TpM) — > SO{TpM) — > 50 (TpM) /Stab (Ji) 

gives a local submersion. Since the elements in so (TpM) preserving Ji are those in (Li ® 
Li)r, and (A^Li © A^Li)k is a complementary subspace, we have that 

(A^Li © A^I^)^ -^ 50(TpM)/Stab(^i). 

is a local diffeomorphism. That is, for each small deformation of a generalized complex 
structure Ji on V there is a unique element a G (A^Li © A^Li)ir which realizes it. 

For the last claim, we observe that if e : (— s, s) — > fy^Li is a path which passes 
through at time zero and v G Li, then Ie\o{y + v)= s\{){v) + e|o(w). On the other hand, 
for a : {—s,s) — >-G (A^Li © A^-Li)]r, say a = a + a with a G A^Li, we have 

iet\o{v + v) = |(e"(z; + i;)e-")|o = {a\o,v + v} = -{a\o{v) + a\o{v)), 

hence if the family a gives rise to the same deformation as e, we must have a = — (e+e). D 

Proof of Theorem 8.3. With this setup, e" is an orthogonal transformation of TM and 
hence e"^2e^" is an generalized almost complex structure which commutes with J^is. If 
6 G M© (Li (8)Li)iR C Clif (TM) the orthogonal transformation e^ preserves jZi hence J'ls 
and J'2e = e!Je^j7'2e~^e~° give rise to a generalized Hermitian structure for any choice of 
b. Our task is to identify suitable conditions on a given a under which we can choose b so 
that the pair J'ls and J'2e gives an SKT structure. 
Since J'ls is integrable, we know that 

d^ : Ul'"" -^ UY'-^ ®UY'-^ ®U-^'''-^ ©Z^-i'"-3 

and, according to Theorem 3.6, the SKT condition is that the IA~ '"~ component of the 
map above must vanish. 
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Since J7ie and J2e are obtained from J\ and J 2 by the action of e^e^ G S'pin(TM), 
the corresponding decompositions of spinors are related by 

so the different components of d^ in the sphtting induced by {J'u, J2e) (cf- Figure 3) 

d^ = <5+e + ^+e + 5-e + ^_e + iVe + iVe + iV2e + iVzI 

are in correspondence with the components of e~ e~"d e"e in the sphtting determined 
by (Ji,J2) (see Figure 12). 






^-l,n-3 ^l,n-3 

Figure 12: Nontrivial components of e~^e~°'d^e°'e^ and their relation to the components of d^ 
with respect to the decomposition of forms determined by (c7ie, J^2s)- 

Since a £ (A^Li a2I7)k, there are a+ G r(AV+'^), a± G r(V:|''^ O y"'^) and a" G 
r(A2y°'^) such that 

a = Q+ + Q=^ + a" +a+ + a± + cF. (8.2) 

Similarly, any b G r(M © Li ® -Li)k can be decomposed in four components according to 
the splitting 

M © (Li lT)k = m © {vl'° ® v!l'% © (y!'° ® y°'^)R © {{v'^'^ W'°) © {vl'° y°'^)K) 

however, as we will see later, only the last of these components is relevant for the defor- 
mation problem. So we let b is of the form 

6 = /3 + /3±+;5± (8.3) 

with /3± G T{V^'^ «) yi'°) and /3 G r(M © (y+'° © V^'\ © (1^_!'° © F^'^)r). 

Since the deformation family e{t) is analytic on t, so is a(i) and we can try to solve 
the condition that the U~ '"~ component of e~ e~"d e"e V vanishes by a power series 
argument. In the sequence given an analytic function f{t), where / can be a"*", a^ and 
so on, we denote denote the coefficients of its power series expansion by fk, so that / = 
Z^ k\Jkt ■ 

57 



The first nontrivial condition on a imposed by the integrabihty of J^i is that [d^ ,ai] 
must have no components in U^ ''. In terms of the decomposition of a above, this implies 

or equivalently 

d+ai = d+af + d.af = 0. (8.4) 

The first term in the series expansion of e~^e~°'d^e°'e^ip is 

Splitting a and h into their components, we see that the requirement that the U~^'"'~^ 
component vanishes is equivalent to 

(P+,/3±] + [5_,a+] + []V,a±])V' = 

Isolating /3^ and using that ij) is nonzero, we can rewrite the condition above as 

5+/3f = -a_a^-Araf. 

And one obvious necessary condition for this to have a solution is that the right hand side 
must be 5+-closed. That is indeed the case, since 

9+(9_a| +Jfaf) = -dJd+af -d-Mat -Md-af -Jfd+af = 

where for the first equality we used the commutation rule for dj^ and d- from Proposition 
7.4 and in the second equality we used equations (8.4) and the fact that Ma^ = as 
af £ L2. If this 9+-closed form is in fact 9+-exact, we can use Gq , the Green operator 

for 5+, to find a suitable Pi : 

/3f = -dlGg^id.ai +J^af) 

Finally, we recall that according to Lemma 8.4, ai = — (ei + £1), so the components of 
ai are determined by the different components of ei hence the equation f]^ must solve is 

so the first obstruction class is [dsf +77£i ] G H-' (M;L2). 

Now we move to the general case, which is proved by induction. We assume that we 
have chosen Oj and bi for i < k such that the component of e e~"'d e"'e mapping iY '" 
into U^ '""" vanishes to order k — 1. Then the vanishing of the order k component of this 
map is the condition 

[(3^,6+] + [a+, (5_] + [af,N] + Fk{ai, ■■■ , a^.i, 61, • • • , bk-i) = 0, 

where F^ is some function. This condition is equivalent to 

d+Pk = -{d-a'l+J\faf + Fk{ai,--- ,ak-i,bi,--- ,6fc-i))- 
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And if there is /3^ which solves this equation, we can proceed to the next step. If for all 
possible choices of bi for i < k which guarantee the vanishing of the lower order terms this 
equation has no solution, then the deformation is obstructed. 

Next we show that d-O^ + Afo-i. + -Ffcloi) " " " > «fc-i) ^i) ■ ■ ■ ) ^fc-i) is 9+-closed so we 
can conclude that the obstruction space is H'^'^{M;L2). Since 5+/3^ is clearly 9_|_-closed, 
we must prove that 

5+(5+/3^ + 9_a++Ara± + Ffc(ai,--- ,afc_i,6i,--- ,bk^i)) = 

but the term in parenthesis is precisely the order k component of e~^e~"'N2£e°'e^ (see Figure 
12) and by assumption, the lower order terms of e~^e~°'N2ee°'e^ vanish, therefore we must 
prove that 

a+e-^e^^TVale^e'' = {5+, e-^e-^Wee^e^} (8.5) 

vanishes to order k. But since (5+ = e~''e~"'6-^-se^e"' + 0{t), we see that (8.5) vanishes to 
order k if and only if 

vanishes to order k. But for this operator, we have 

{e-^e-'^5+,e'^e^e-''e-'^iV2;e"e^} = e-'e-''{6+e,We}e''e' = 0, 

where in the last equality we used that, in a generalized Hermitian manifold, the condition 
(d^)^ = gives, among other things, that {5+, A''2} = 0. 

Finally, if all obstructions vanish, standard elliptic estimates show that the sequence 
constructed above converges. See for example [16] for the proof of convergence for the 
analogous problem in the generalized Kahler case. D 

It is interesting to notice that one can deform the generalized complex extension J7i 
without deforming the SKT structure. 

Proposition 8.5. Let (Q, J\) he a generalized complex extension of a positive SKT struc- 
ture {Q,1.) on a manifold M. Let e G T{f\^Vj ) C r(A^Li) be a Maurer-Cartan element, 
i.e., the corresponding deformation of J\, J\s, is integrable. Then, if e is small enough, 
{Q^Jie) is a generalized complex extension of the SKT structure {Q,X). 

Proof. According to Lemma 8.4, if e is small enough, there is an element a € T{/\^Li © 
A^Li)r such that 

e^: J\e^ = e^ Jie 

but since e G A^V^"'^ one can easily see that a G T{^?V^'^ © ^^V^'^). Then e''\v+ = Id 
and e°'\v_ is an orthogonal transformation of V-, therefore e~"'Ge^ = Q and e~"' J ie"'\v+ = 
J'i\yj^ = T. That is e~"'Jie"' is a generalized complex extension of [Q,X). D 

Of course, the same arguments with the obvious changes give deformation results for 
negative SKT structures (c.f. Figure 8): 
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Theorem 8.6. (Negative SKT Stability Theorem) Let {G,JTi) be a generalized Hermitian 
extension of a negative SKT structure. Given J\e, an analytic family of deformations of 
J\ 'parametrized by a small disc D C C, e : D — > T{a'^Li), we let 

e+ -.D^ r(AV^'^) 

e' -.D^ r(AV_°'^) 

be the components of e and for each of them let e* = X^fc^i ^*^ ^^ ^^^ corresponding 
series expansion. Then the obstructions to finding a generalized metric Qg which makes 
(Gej'Jie) iiT-to a generalized Hermitian extension of a negative SKT structure lie in the 
space Hq_{M;L2) and the first obstruction is the class [9+e^ +7^8^ ]. 

Proposition 8.7. Let (Q, J\) be a generalized complex extension of a negative SKT struc- 
ture {Q,I) on a manifold M. Let e G r(A^VY' ) be a Maurer-Cartan element and J\^ be 
the corresponding deformation of J\. Then, if e is small enough, {GjJ'u) is a generalized 
complex extension of the SKT structure {Q,X). 



8.3 Deformations of generalized Kahler structures 

Similarly to the SKT deformation problem studied in Section 8.2, a common way to study 
the question of deformations of a (generalized) Kahler structure {Ji, J 2) is in the context 
of stability: For which deformations of J\ is there a corresponding deformation of J 2 such 
that the pair of deformed structures is still a (generalized) Kahler structure? 

In its classical setting, this question was successfully answered by Kodaira [24], where 
J\ is taken to be the complex structure and in the generalized setting, for analytic defor- 
mations, by Goto [16] under the additional hypothesis that the canonical bundle of J 2 has 
a globally defined nowhere vanishing closed section. In both cases, there are no obstruc- 
tions to the problem. However, even in the Kahler setting, if we let J\ be the symplectic 
structure and J 2 be the complex, the problem does have obstructions [8]. 

As we have seen in Section 2, a generalized Kahler structure is at the same time a 
positive and a negative SKT structure. Hence, when studying the stability problem of a 
generalized Kahler structure there are three possible outcomes one can expect: 

1. The deformation is unobstructed and one can complete the deformed J\ to a gener- 
alized Kahler structure; 

2. The deformation is half obstructed and one can complete the deformed J\ to a 
positive or negative SKT structure; 

3. The deformation is fully obstructed and J\ can not be completed to either a positive 
or a negative SKT structure. 

Theorem 8.8 (Generalized Kahler Stability Theorem). Let (M, Ji,J2) be a compact gen- 
eralized Kahler manifold. Given J\e, an analytic family of deformations of J\ parametrized 
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by a small disc D C C, e : D — > r(A^Li), we let 

e~ :D ^ r(AV3^) 

be the components of e and for each of them let e* = Ylk^i H^*^ ^^ ^^^ corresponding 
series expansion. Then the obstructions to finding a generalized complex structure J2e 
which makes {Jie,>J2e) i'^'to a generalized Kdhler structure lie in the space 



-^(2,l)+(l,2) 



ker(dL2 : T{A^^^L2 A^'^La)) 



Im(dL, :r(Ai.iL2)) 

and the first obstruction class is [dj^e^ + 9_e^]. 

Proof. According to Lemma 8.4, there is an element a G T{/\^Li © A^Li)]r such that 

e-^Jiel = e-'Jie-' 

and, as in Theorem 8.3, one can compose the orthogonal transformation ej with an or- 
thogonal tranformation e\ which preserves J^i and still obtain the same deformation, that 
is, for any b G T{Li (g) Li)ir, Ji^ and J2e are given by 

Jie = eTJx< and Jae = e-"" e-^ J 2^^ e\ 

As before, our quest is to find b for which J2e is integrable and once again we do so using a 
power series argument. The canonical bundle of J2e is given by e^e^f/*^'" and integrability 
is equivalent to 

If we decompose a and b into their Vj_' and Vj^ components as in (8.2) and (8.3) and 
write the corresponding components in power series, then the first condition we must solve 
is the linear vanishing of the components of Nj^^, the Nijenhuis tensor of J2£ 

The linear term which maps Z//^'" into ^/~^'"~^ ©^/^'"~^ is 

So we see that the vanishing of the linear part of the Nijenhuis tensor is equivalent the 
following condition 

rfL2/3f = -(d+'^ + 5_a+). (8.6) 

Integrability of Ji^ means that the ^^ts.n-s components of e~°'e~^d^e°'e^\jjo,n vanish and 
the linear part of these components is dj^a^ : U '^ — > ^^3,n-3 ^^^ 0_a]~ : iY '" — > 
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^3,n-3^ hence af is 9+-closed and a^ is 9_-closed, showing that 9+a^ + d-af is d^j- 
closed and hence represents a class in Ti^ ' '^^ ' ' . If this class vanishes, we can find (3-^ 
which solves (8.6). That is the first obstruction class is 

Next we assume that we have chosen /3- for j < k such that the Nijenhuis tensor of 
J'2 vanishes to order k — 1 and we must choose /3^ which makes the Nijenhuis tensor of 
J'2 vanish to order k. Expanding the operator e e~"'d e°'e to order k we see that the 
degree k part of the Nijenhuis tensor is: 

{Nj^e)k = dLiPk +^-"fc +^+«fc +Fk{ai,--- ,afc_i,6i,--- ,bk-i), (8.7) 

for some function F^ which takes values in r{A'^'^L2 A^'^L2), and the vanishing of Nj^g 
to order k is equivalent to the requirement that the term above vanishes, which can only 
be achived if 

dLif^k = -(^-«j^ + ^+«fc + Fk{ai, ■■■ , flfe-i, 61, ■ ■ ■ , bk-i)). 

Next we prove that the right hand side above is d^j "Closed, which allows us to conclude 
that the obstruction to find (3f lies in 7^(2:i)+(i.2)^ 

We let 

j<k+l 

Since e~°'J\e°' = e~°' e <''+'^ J le <''+^ e"" is integrable for any choice of 6^, we have that the 
operator 

has two components, say (i^|j^n,o = dj^e + ^J2£^ 



dj,k = dj, + U(t), vit) G r(L2), 17(0) = 0; 



Nj,e = {Nj,s)kt' + 0{t'+') G r(A^'^L2). 



According to Corollary 2.4, {dj^i^jNj^e} = 0, hence, in particular, the degree k part of 
this operator vanishes, i.e.. 



= {dj„{Nj,,)k} = dL,iNj,,)k. 

n 

Remark. There are natural maps 

vr2,i : ^(2.i)+(i.2) _^ Hl'^iM-M) and vri,^ : ?^(2,i)+{i,2) _^ H^^^M-M)- 

given by taking the appropriate components of a class in TiS ' '~^^ ' ' . It is possible, however, 
that a nontrivial class in "H' ' ''^^ ' ' is mapped into the trivial class by both projections. 
In terms of deformations, this means that there may be no obstruction to deforming a 
generalized Kahler structure as either a positive or a negative SKT structure, while the 
generalized Kahler deformation problem itself is obstructed. Next theorem gives a concrete 
situation where this phenomenon happens. 
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Theorem 8.9. Let {M,uj,I) be a compact Kdhler manifold, ujt be a fam,ily of deform,a- 
tions of the symplectic structure and Ju be the corresponding family of generalized com- 
plex structures. Then, for t small, one can deform I into an generalized almost complex 
structure. Jit, such that {Ju^Jit) is a generalized complex extension of a positive SKT 
structure. 

Proof. Due to Moser's trick, it is enough to consider linear deformations of w by a harmonic 
2-form e. Further if we let e^''^ be the components of e according to the usual (p, q) 
decomposition of forms determined by the complex structure, then uj + te^'^ is still a 
Kahler form with respect to /, so it is enough tho prove the result for a deformation given 
by a harmonic form Re(e'^'''). 

Next we observe that it is enough to prove the result for a deformation of the form 
uj + te^''^, with e'^'^ G Q.^''^{M) a closed form. Indeed, let Ju be the generalized complex 
structure corresponding to the complex valued form w + te^''^ , that is, Ju has canonical 
bundle e^'-'^^*'" ' '. If we can find a family of generalized almost complex structures Jit 
which agrees with Ji at time zero such that {Ju^Jit) is a generalized complex extension 
of an SKT structure, then by performing a 5-field transform with B = tim (e'^'^) we get a 
generalized complex extension of an SKT structure with Ju determined by a; + tRe(e'^'^). 

Since we have an isomorphism of Lie algebroids 

Li = {X - iuj{X) : X G TcM} ^ TcM, 

given by the projection onto T^M, we see that the differential complex (T{A*Li),dLi) is 
isomorphic to {i}'{M),d). In fact, the map ip from Proposition 1.9 gives the isomorphism: 

And according to Proposition 5.14, the operators 5+, 5-^, 5+ and 6- are related to d, d, 
&^~' and d'^'' via ^: 

2 

Since e G [7°'2(M), then '0(e) G ^{^^Li) n T{A'^'Li) = T{A^V^'^) represents a di^- 
cohomology class which gives rise to the deformation of Ji corresponding to the complex 
form oj + t£. 

According to Proposition 8.5, there is a smooth family Jit such that {Jit,Jit) is a 
generalized complex extension of an SKT structure. D 

Remark. Of course, same result holds for negative SKT structures. That is any deforma- 
tion of the symplectic structure on a Kahler manifold can be completed to a generalized 
Hermitian structure which is an extension of either a positive or a negative SKT structure. 

Notice that, in effect, this theorem considers a Kahler structure as a bihermitian struc- 
ture with /+ = /_ and the crucial step is the deformation of the symplectic structure 
by a harmonic form e G Q'^'^{M). At that step, we use e to deform /_ into a (possibly) 
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nonintegrable complex structure still compatible with the same metric for which J\^ is 
the desired symplectic structure. The SKT structure ((?,/+) is just the original Kahler 
structure. 
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